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 Handbook of Mathematical Analysis in Mechanics of
Viscous Fluids, Editors: Giga & Novotny to appear in
Springer in 2018. Includes: O., Models and special
solutions of the Navier-Stokes equations

* Bae, Chae & O., Nonlinear Analysis (2017)

 H. O, T Sakajo, and M. Wunsch, On a generalization of
the Constantin-Lax-Majda equation, Nonlinearity (2008)

e H.O., Well-Posedness of the Generalized Proudman-
Johnson Equation Without Viscosity, J. Math. Fluid
Mech. Online (2007)

K. Ohkitani and H.O., J. Phys. Soc. Japan, 74 (2005),
2737--2742.

e H.O. & J. Zhu, Taiwanese J. Math., 4 (2000), 65—103
Downloadable at
http://www.kurims.kyoto-u.ac.jp/~okamoto
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The Navier-Stokes equations

* Equations of motion of

incompressible viscous
fluid. 1827, 1845

 Many unsolved problems.
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The Navier-Stokes eqgs.
* Incompressible viscous fluid

* u:velocity, D : pressure
> u,+ (u*V)u=vAu - Vp
divu=0

* v :viscosity. v=0 = The Euler egs.
clo+(U"V)o—(®*"V)u=vA®

convection stretching viscousity

® = curl(u) --- vorticity

Heated
arguments
R3S Ix—yl° Kerr, Hou, ...
5/41
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It is often said that
O +(ueV)o—(®sV)u=0

* The stretching term amplifies the vorticity;

* A nonlinear convection term may be a cause
of singularities of shock wave type but it never
magnifies the function;

* As far as the indefinite amplification of the
vorticity, the convection term plays no
positive role: it just sits and watches.
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My goal today

* To show that the convection term plays
a definite role in blow-up of solutions.
The convection term may prevent
vorticity from blowing-up.

* If a sol. becomes very large, stretching
becomes ineffective: Depletion of
nonlinearity.

e A case study for this claim

Deplete blow-up by convection
7141



Naive explanation

 Without convection,
the higher becomes
higher still.

_ P
vV, —Vxx-l-V




* With convection, the highest does not
necessarily become the highest.

v,+ fy, =v_+v°
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Stretching is weakened

e convection
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(unphysical & nonlinear) convection
term may help blow-up

The direction of convection is important.

A
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Introductory example or warming-up

. The Burgerseq. u, +uu,=u,

. Global existence; (not global if
u,, is missing)

H///

12/41



Burgers eqn. continued
- Burgerseq. u, +uu,=u,,
v=u, (or; u=[vdx)

(no blow-up)

2 —
> V., UV, +Vi=V

convection stretching viscosity

>V, +Vi=v (blow-up)

» V. -uUv, + vZ = V., (blow-up)
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A thesis

* Viscosity alone is not enough to
suppress the blow-up.

* But blow-up can be prevented by
viscosity and/or an appropriate
nonlinear convection.
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Example(D
Constantin-Lax-Majda (‘85)

Almost all solutions blow up
in finite time.

@, —ou,_ =0
u =Hw
>
X=2T

@,(x)=cosx
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De Gregorio’s equation

* S. De Gregorio, J. Stat. Phys. ‘90

o, +uw_ —ou, =0

ux — Ha) @, +(ueV)Yw—(weV)u=0

e Constantin-Lax-Majda eq. + convection term

e W =COSX isasteady-state.
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(b) e=0.4

w, is bounded.
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w,(x,1)
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Local existence for De Gregorio

Theorem
If w,(x)eH'(S"),then3 T, >0
such that a solution w € C([0,T,]; H'(S)).

Further,

max ‘a) l
0<t<T, ( )

L <C= C(T,, ||, )

* Proof. Application of T. Kato’s theory of nonlinear

evolution equations



A sufficient condition for global existence

T
IO HH (1) ” dt < oo = solution exists in [0, T + 0]

* An analogue of a theorem by Beale, Kato, & Majda ’'84.

Since HHCOHOO < CHQ)X , boundedness —> global existence.
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* ais an artificial parameter.

A generalization
o, +auw, —wu_ =0

u =Hao

T
B
G

neorem(?)
ow-upif —1<a<l.

obal existence otherwise.
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If viscosity is
present,

t=0
NANAANANNN/

VVVVVVVYV

=00




Example @)

2D Euler; incompressible in viscid
O, +u*Vo=0
o=curlu=v,—u, ; u =(u,v)
Y=VO

Xt (U= V)x—=(x*Vju=0

convection stretching

X =-Au
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The convection term is now deleted.

> Y —(x*V)u=0 inR?

u =(-A)yty v
— X d L2-norm of y

or s o

u =P(-A)Ty

0 05 1 18 2 28 3 35
[
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Example 3
The Proudman-Johnson equation

X v
 Derived from 2D Navier-Stokes v U

¢ Fope t T — F o = vf

XX

XXXX .
(O<t, -1<x<1)

flt,£1)=0, f(t*1)s=
fo(tX) = O(x)
u = ( f(t,x), -yf(t,x))

(unbounded solution of NS ) X:'l

27141



Global existence or finite time blow-

up?
* 1:txx T ffxxx o fxfxx = foxxx
o=f,, o +fo,—fo=vo,

* Had been difficult to judge
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Global existence was proved by Xinfu Chen

THEOREM. Assume that v>0.

For any initial data in L%(-1,1), a solution
exists uniquely for all t and tends to zero
as t —>oo

Xinfu Chen and O., Proc. Japan Acad., 2000.
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>

Effect of convection term

f

XX

T ﬂ:xxx _ fxfxx

= vf

XXXX

o=f, o +fo —fo=vo,

Fooc = Fif = vF

[90¢ XXXX

ftx — 7 fxz = foxx+ B ’

usf,

— 2
u, = vu,, +U +ﬁ
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. 2
u =u_~+u +pf

(0<t,—1<x<1)
1

Ju(t,x)dx =0, u(t,x1)=0

—1

u =u_+Pu’, P:LI’>IL/R

blow-up occurs.

A proper convection term prevents
solutions from blowing-up.
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Budd, Dold & Stuart ('93), Zhu &O. ('00)

1
u =vi__+u’ —jou(t,x)zdx.

3 x,
lim,_, u(¢,x,)=+o0,
lm, - u(t,y)=—-0 (¥ #x))

u(t,y) _
u(t,x,)

11Int—>T
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Blow-up with or without the projection

-~ 1000.0

x=0




Example @ ; Generalized Proudman-
Johnson equation

e A model:

f.., +ff,, — aff. =vf

txx xIxx — Vxxxx
(O<t,-1<x<1)

flt,£1) =0, f(t,*1)=
£(0,x) = ¢(x)

0= — W, + fo.—af o=vw,_

XX 2
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Though simple, it contains some known
equations as particular members.

Qa=-(m-3)/(m-1), axisymmetric exact

solutions of the Navier-Stokes equations in R™.
(Zhu & O. Taiwanese J. Math. 2000) (a=0 for 3D Euler)

®a3=1 (m=2) Proudman-Johnson equation
('24,62)

©3=-2, v=0. Hunter-Saxton equation ('91)

Oa=-3 Burgers equation (‘40)

Joe T S = S o =V e
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Xinfu Chen’s proof of global existence

« X.Chen and O., Proc. Japan Acad., vol. 78
(2002),

e periodic boundary condition.

 THEOREM. If -3 =a =1, the
solutions exist globally in time for all
initial data.
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If a<-3,or 1<a, then...

Global existence for small initial data.
Blow-up for large initial data ---
numerical evidence but no proof.

Blow-up sets are [-1,1]for1<a, and
discrete for a<-3. (no proof)
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Numerical experiments (Zhu & O. Taiwanese J.
Math. 2000)

e a=1is athreshold.
max|o|
max|0.)| a=1.1 a=1.05

A ]
15000 -
10000 - -I
| a=0.98
5000 - 2l

0 2 10 15 20

v=0.001 v=0.001
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Numerical experiments

—— —— ——

Jo =sin(67x), fo = sin(107x), £, =sin(16x),
g, =0.2sin(27x) g, =0.2cos(27x) g, =0.5cos(8mx)



If 1<a, we expect blow-up occurs even
for smooth initial data.

x=0

x=1
. x=1 A 1
N A
a=15
i t=0. 52558
i
o ”Y 30~
|
{ 20+
=20
\
10+
-30 ‘
t=0. 5455
a=-25
™ -10+
_20_
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Current Status

a=-3 a=-1
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Conclusion

* Proudman-Johnson eqn’s well-
posedness is guaranteed by the
convection term.

* Generalized P-J egn may or may not
blow up depending on the
parameter a.

* De Gregorio’s equation does not
admit blow-up, while Constantin-
Lax-Majda eq. admit blow-up.

42/41



Conclusion continued

* The regularity of sols. of 2D Euler eqn’s
seems to be maintained by the
convection term;

 Convection term, if properly placed,
prevents solutions from blowing up;

 These examples suggests: Blow-up of 3D
Navier-Stokes or Euler eqgs. is very subtle.

5¢: Thank you.
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Some thoughts on the role of the
convection term in the fluid mechanical

PDEs.

B

Hisashi Okamoto

Gakushuin University
hisashi.okamoto@gakushuin.ac.jp



Today’s goal

 Handbook of Mathematical Analysis in
Mechanics of Viscous Fluids, Editors: Giga
& Novotny to appear in Springer in 2018.
Includes: O., Models and special solutions of
the Navier-Stokes equations, in Handbook

 Bae, Chae & O., Nonlinear Analysis (2017)
e Ohkitani & 0., J. Phys. Soc. Japan, (2005)

Yoshikazu Giga
Antonin Novotny
Editors

Handbook of
Mathematical

Analysis in
Mechanics of
Viscous Fluids

* H. O, T. Sakajo, and M. Wunsch, Nonlinearity (2008) T

 H.O.,J Math. Fluid Mech. Online (2007)

* K. Ohkitani and H.O., J. Phys. Soc. Japan, 74 (2005),
2737--2742.

e H.O. & . Zhu, Taiwanese J. Math., 4 (2000), 65—103



A motive: 3D Navier-Stokes: A bad problem. Turbulence
is a bad Problem!? How about the NS itself?

Try simpler models for blow-up:

% Proudman-Johnson eq. (special sol.)
% Constantin-Lax-Majda (model)
% generalized CLM (model)
% Surface QG, & many others.

%> Model equations for water waves.



Navier-Stokes is nonlinear & nonlocal

* Navier-Stokes eqns. are integro-differential
eqns. rather than differential egns.

O +(ueV)o—-(®0V)u=vA®

convection stretching viscosity

u=(curl)'®, Biot—Savart

u(t,x):—ljj_['; §| xo(t,E)dE

Therefore models must be nonlinear & nonlocal.




When | began my career as a professional
mathematician, there was a folklore:

* The vorticity is increased by the stretching term.
Convection term does not increase vorticity,
although the vorticity is rearranged by that.

e As far as global well-posedness is concerned, the
convection term is neutral.

Can these loose propositions’” be phrased
mathematically?



The Proudman-Johnson equation. ‘62
u =u(t,x) : unknown
utxx T+ uuxxx R uxuxx —Vviu

(0<t, O<x<2m)

XXXX

periodic BC



Hiemenz’s ansatz

Dinglers Journal 1911

Die Grenzschicht an einem in den
gleichformigen Fllussigkeitsstrom eingetauchten

geraden Kreiszylinder Ut RN

He obtained a steady-state. |

u = (u(x),—yu,(x))
= divu=0

uu_ —uu_=vu

X XXXX




DINGLERS

POLYTECHNISCHES JOURNAL.

Professor M. Rudeloff, Gro8-Lichterfelde-West.

far das Ausland 7 M. 30 PL. Redakt

Jthlich 52 Hefte in Quart. Abomnementspreis viertelisrlich 6 M., direkt franko unter
etionelle. sind 1a

Kreuzband far Deutschiand und ich-Ungam & M. 68 PL.
an Qeh. Reg.-Rat Prot, M. Eafloh it Lighsrtyrds] wm. Fontaneairale,
o Eapuiios betebinds Schrelbe s Richard Dietia, Verlagsauchhandlung (Dr. R Dietze), Beriin W. 66, Manerstrae 15,

92. Jahrg., Bd. 326.

Berlin, 27. Mai 1911.

Heft 21.

Die Grenzschicht an einem in den gleichformigen

Fliissigkeitsstrom eingetauchten geraden Kreiszylinder.

Efnlcﬂung

Bei der o
ein in den Flﬂmgkemsh-om eingestelltes Hindernis swht
der gewShnliche Ansatz der Hydrodynamik ab von der
inneren Reibung der Fliissigkeiten und filhrt so zu einer
verhéltnismafiig einfachen Losung des Problems: die Ge-
schwindigkeitskomponenten lassen sich mit Hilfe einer
Potentialfunktion darstellen. Wird die innere Reibung
beriicksichtigt, so lauten die Differentialgleichungen der
stationdiren Suamung fiar das 2weidimensionale Pmblem.

Von K. Hiemenz,

der konvektiven Glieder zu erlauben. Dagegen gestattet
eine nach anderer Richtung gehende von Arandfl?) an-
gegebene Vereinfachung des Systems I, die sich auf
Flissigkeiten von Kleiner Reibung bezieht, die Stromungs-
vorgiinge in der Nihe der festen Wand in ihrem Verlaufe
zu verfolgen. Der Prandilsche Ansatz ist weiter aus-
gebaut worden fiir eine Reihe von Problemen der statio-
ndren und der nichistationiren Stromung in zwei Ar-
beiten von Blasius®) und von Boltze®). Die Resultate
dieser Arbeiten geben ¢in sehr gutes qualitatives Bild der

Vurglngl der Stromung um ein Hindernis.
;r:g welchem im_folgenden die Rede sein "Atbeit hat S5 g
ziel die qmnhwive Pmlung des Prandilschen Ansatzes

durch das a8 wird in

3 ’_":.._" S
p(u“+uiy) A a)

nach einem einleitenden maihe.mnllsnhm Teil von Experi-
menten berichtet werden, die auf eine quantitative Kenntnis
der Strmungserscheinungen an cinem Hindernis — in
erster Linie der Druckverteilung — hinzielen. Die ex-
perimentell ermittelten Werte werden sodann zur Grund-
lage der Rechnung gemacht wenien, und schlieBlich
sollen die mit den

p(u“f+uﬂ):_:-—y+.tdv L)
7_,.7 Ao Dab snaivRenes o)
Hmrm hed:u(en s dle gewbhnlich

'mcmm.g der Achgen A “den Laplamnllen Operatcu

:t‘ :y’

Eine mogliche Losung des Systers 1 von Differential-
gleichungen hat man in der Potentialstromung fir das
betreffende Problem. Aber diesc Losung steht im Wider-

wirklich beobachteten verglichen werden, Als Endresultat
ergibt sich eine durchaus befriedigende Uebereinstimmung
von Rechnung und Versuch.
I. Die der
. Ableitung der Gleichung.

Wir begiunen mit einer qualitativen Schilderung der
in einer gheit von Kllner Relbung_beobachicien

‘spruch zu der Gi der reibenden

wie sie sich auf Grund. experimenteller ’]'llssnhcn ergﬂ:(
der Versuch fiihrt zu der Folgening, daB die an die
Wand grenzende Fliissigheitsschicht an dieser haftet. Im
Gegensatz dazu treten bei der Potentialbewegung gerade
unmittelbar an der Wand dic groBten Geschwindigkeiten
auf, und daher ist dic Potentiallosung fiir reibende Flissig-
keiten nicht brauchbar. FEine selbst auflerst geringe Rel-
bung bedingt eine wesentliche Abweichung der im 2in-
zelnen Falle zu erwartenden Strdmungsemhemnng yon
der fiir das gleiche Problem

der Ergebnisse der Be-
obachtung filhrt zu der
bereits erwiihnten Ver-

einfachung des Systems
1. Im Interesse der -
Kiirze beziehen wir uns
dabei von vornherein auf
den Fall, der uns weiter-
wird:

Bis jetat ist die- Integration  des Systems | nur in
lnemllcn Fillen durchgefiihrt worden. Dazu gehdren
cinerseifs gewisse einfache Laminarbewegungen, anderer-
seits eine Reihe von Problemen, bei denen die konvek-
tiven Gilieder der Differentialgleichungen gegeniiber den
anderen Gliedern wurden. Die praktisch
Anwendbarkeit der unter dieser Bedingung  gefundenen

ist heschrinld Denn bei wirklichen Flissig-
keiten — bei Wasser ist p= 1, &oo 0,0l c—g—s-
Einheiten — sind in du Regel die auftretenden Geschwin-
digheiten nicht Klein genug, um die Vernachlissigung
Dinglers polyt, Journal Bd. 326, Helt 21, 1911,

Sachsische Landesbibliothek -

s gleichirmigen
Strom ciner Flissigkeit
von kleiner Reibung sei ein symmdrisdlci gerader]|

Y Prandii, Ueber Flissigheilsbewegung bei schr Kleiner
Relbung. Verkandlungen desdritin nfemationlen Mathamatier-
gm-u Hbilnlher( 1904, Leipzig 1905, S

by ﬂlillim O‘r)?‘nml}::'hlen h{wa Az: ZCMM‘ MY-M?-
Gl $. ig 1907, uch in 2
ﬁ":.y. g 1 08, 5.1.

i you der Qe
Staats- und Universitatsbibliothek Dresden Deutschen Forschungsgemeinschaft

B s i qult
il e e e
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The Proudman-Johnson equation. ‘62

e Derived from 2D Navier-Stokes

(unbounded solution of NS ) u = (u(t,x),—yu,(t,x))

utxx + uuxxx R uxuxx —vu

XXXX

(0<t, 0<x<27)

periodicBC & u _ (0,x) =—¢(x) IC



Equivalent re-writing

utxx _I_ uuxxx o MXMXX —V u

XXXX

w=—U

XX

O, +UD. —UDO=VQO,

0, +(u.V)o-(0+V)u=vAo & Biot-Savart




Generalized Proudman-Johnson equation

Zhu & O. Taiwanese J. Math., vol. 4 (2000),

A model: (©, tuw, —au w=vw, , U= (_

1. a=-(m-3)/(m-1), axisymmetric exact solutions

(0, x) = @, (x)

dx2

of the Navier-Stokes eqns in R™.

2. a=1 (m=2) Proudman-Johnson eqn

3. a=-2, v=0.

4.
d2

dx?

=3 the Burgers equation (‘46)

u, +uu_ =vu

XX

Hunter-Saxton equation ('91)

=>u,_+uu__ +3uu_=vu

XXXX



Global existence or finite time blow-up?

utxx + uuxxx o uxuxx — Vi

XXXX

W = _uxx Order '2

1
d2
(_ dx_2) 2

O +uUuw, —u o=vo._,
(0, x) = @, (x)

O, +UeV)O—(®e«V)u=vA®

u

u=(curl)'®, Biot—Savart

Order -1



In 1989, a paper appeared in J. Fluid Mech.

* Finite time blow-up was predicted by
numerical computation.

* For ten years, | was wondering if that is
true.

utxx + uuxxx o uxuxx —V uxxxx

utx T uuxx o (ux )2 =V Z/lxxx T 7/(1)

2
w,+uw, =vw_+w +y(¢) w=u,

Nonlinear heat equation with
nonlocal nonlinear convection



Max norm of u . | (t,°)

LOO

16000

14000 | 1/
=0.01
12000 |
10000 |
8000 |

6000 |

4000 |

2000




Global existence was proved for PJ:

Theorem. Assume that viscosity v> 0. For
any initial data in L?(-1,1), a solution exists
uniquely for all # and tends to zeroas ¢t — .

if homogeneous Dirichlet, Neumann, or the periodic
boundary condition.

Xinfu Chen and O., Proc. Japan Acad.,
2000.

Blow-up if non-homogeneous Dirichlet BC.??7??
ult,)=a, u (t,1)= b, u(t,-1)=c, u (t,-1)=d
Grundy & MclLaughlin (1997).




proof: a priori estimate
utxx _I_ uuxxx _uxuxx — Vu

XXXX

2 _ (V)
txxx T Z/luxxxx (Mxx) —vu

+ uu >,y

txxx XXXX
gt T ué’x 2V é/xx J.Ozﬂ U, (,x)dx=0

Maximum principle



 Without convection,
the higher becomes
higher still.

Intuitive explanation

/

0 0.2 0.4 0.6 0.8 1

136565 60



* With convection, the highest does
not necessarily become the highest.

N\

A

136565 61
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* If appendix is removed, we can live ' — I
= Appendix is unnecessary as far

as life/death is concerned.

* |s the convection term an appendix,
or not?

Hisashi Okamoto
Mayumi Shaji




Surgery on convection term

U, -I-uux =vu

XX
(1) =
u, +uu_+\u_J =vu__

2 _ _
w,tuw_ +w =vw_ w=u
* Remove

X

2
W, +w =vw

XX

2 _
W, —uw_ +w =vw_



Surgery on convection term

O +UD, U 0=V, uz(—szz)la)
utxx _uxuxx :Wxxxx
u : u.’ =wu
Ix 2 X XXX
I 2
U=—u, U =vU_+U"-b(¢)



1
U=U_+U’ —Ejle(t,x)zdx, (0<t—-1<x<1)

J: U(t,x)dx =0, periodic BC Blow-up occur

U=U_+PU? P:I’' >L/R

O, TUO, —UOD=VO,,, @m Global existence
w,. ~u.w=vo, «= Blow-up

A proper convection term prevents
solutions from blowing-up.

(0. & J. Zhu 1999, Taiwanese J. Math., 2000
Cf. Budd, Dold & Stuart ('93), )



Blow-up with or without the projection

— 2
u,=u_ + u u,=u.+Pu



Generalized Proudman-Johnson equation
A model

1
. +Uuw. —au o=vw_., U= (— —) @

(0, x) = ¢(x)
Q@ a=-(m-3)/(m-1), axisymmetric exact
solutions of the Navier-Stokes eqns in R™.
® a=1 (m=2) Proudman-Johnson eqn
© a=-2, v=0. Hunter-Saxton equation ('91)
O a=-3 the Burgers equation (‘46)
72

— u,tuu, =vu_ = u,  +uu_ +3uu_=vu

dx’

XXXX



No singularity if the convection term is
dominant.

e If a islarge = blow-up
e If a issmall = no blow-up

1
o . tUD, —au O =V®_, U= (——) W

X.

But how large it must be?




Converges to
Hiemenz’s steady-
state




Conjecture

* If uy = 1 everywhere, global.

* If uy,>1somewhere, blow-up?

* u=F_isbounded, but F is

unbounded. u, +Fu_ —ut=w -1

XX




_ 2
u +Fu_=wu_+u -1

u=~Fr, F:J‘Oxu

u(t,0) =1
u(t,0)=0

o steady-state

x=200




Unimodal conjecture on the PJ

Kim & Okamoto, IMA J. Appl. Math. (2013)

F_+FF_—FF_=v(F.__—sinkx)

Ixx XXX XXXX

—rm<x<m, PeriodicBC
F=k*sinkx

Vk=12,3,...

dsol F=ksmx for 0<v<<l




R =1/v

100



w(x)= ﬁ: a(n)sin nx

R =5000

a(l) | —1.999270373875
a2) | 0.000044444742
a(3) | 0.000006247917
a(4) | 0.000001776474
a(5) | 0.000000693595
a(6) | 0.000000325941
a(7) | 0.000000173180
a(®) | 0.000000100453
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Linear & weakly nonlinear eqns.

sin kx u:k2+1

it Tfall
-‘ System P

—u'+u =sin kx

2D stationary Navier-Stokes

innili eqgns.
=

» system OUtp
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Theorem
There exists a sol. of the fol. form.

w(x)=tksinx +Rh(x)+O(R?) (R )

1

R A A (W ony +sin kx)

| k=4, R=10000
7 0 a, 3.99887570831577
h(x) =C sinx+§sin 2x+0xsin 3x+—22 sin dx a, 0.00002222222222

a, 0.00000000054426
a, 0.00000088889289

2 0.2222..., 2 0.008888...
9 225
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3D flows

C.C. Lin, Arch. Rat. Mech. Anal. (1957)
Grundy & McLaughlin, IMA J. Appl. Math. (‘99)
J. Zhu, Japan J. Indust. Appl. Math. (2000)

Ansatz
u= (f(t,X)—g(f,X), —yfx(t,x), ng(f,X))

Jos ¥ (=& e =i &) =V fom
g t(f-g)g+(f+2. )8 =V g



Blow-up for 3D

Stagnation-point Flows of Incompressible Fluid

£

¥
£
3
g
|

max|wi
L

Rl

%

=]

L L
1] 0.0005 0.001

Fig. 17. The same as in Figures 15 and 16 except for ¢ = 6.0001, N =600

(No blow-up for PJ)



model 3 . N
Constantin-Lax-Majda , — U, =
u =How
A necessary and
sufficient condition
is known
(Constantin, Lax, —>
& Majda 1985).

x=0 X=2TC

@,(x) =cosx

19/5/12 13656 %



Constantin-Lax-Majda & De Gregorio &
Proudman-Johnson

— |
_ _ | a2
o, tuo, —au o=vo, ., U= (——) @

dx2
(0, x) = P(x)
42 L2
@, tUO, —au .o =vw_ ., U= i a
(0, x) = P(x)
B=1& a=x =) Blow-up Constantin-Lax-Majda "85

B=1&a=1 =) ?2?? De Gregorio’'s 90
B= 1 & -0 < a < 0 ‘ Blow-up Castro & Cordoba ‘09



The generalized P-J with v=0.

* 3D axisymmetric Euler
for a=0.

(0<z, 0<x<1)  Hunter-Saxton model
for nematic liquid
crystal for a = -2.

tyy (0, %) = —p(x) e Burgers for a = -3.

utxx + uuxxx o auxuxx — O

periodic BC

d2
e u, +uu =0 => u,_+uu__ +3uu_=0



?

u
1

Summary
for v=0 =1 a-

BIOW'Up fOf o< g <-]. (Remember that the

solutions exist globally in this region if v > 0. Viscosity helps global
existence.)

Global existence if -1 = a<1 & if
smooth initial data.

Self-similar, non-smooth blow-up solutions
exist for -1 <a <oo.

So far, | have no conclusion in the case of 1
< a.



Starting point: local existence
theorem

* With a help of Kato & Lai’s theorem (J. Func. Anal. '84),

wo=-u_, o+uw, —au =0

xx 2

* Locally well-posed if w(0,0)c2(0,1)/R,

e Global existence if «(0.0e’(0D/R,



Different methods were needed for
global existence/blow-up in

< ag<-2, 2=a<-1, -1 =a<0, 0=ac<
1

 Thecase of -e,<a<-2is _ J‘l )
settled in Zhu & O., Taiwanese p(t) = 0 u,(t,x)"dx

J. Math. (2000). 7
?ﬂf) > b(t)’



2 =a<-l. Follows the recipe of Hunter &
Saxton ( '91)

* Use the Lagrangian coordinates

X, =u(t, X(1,5)), X(0,9)=¢, (0=<g<])
* Define V(t,§)=X§(t,§).

(7 _(v
VVtt _(Vt) _[(t)Vo ](t)_.[o %4 ds

 Vtendsto -x.
Global weak solution in the case of a=-2 (Bressan & Constantin ‘05).



Blow-up occurs both in -o<ag<-2andin -2 = a
< -1, but

* Asymptotic behavior is quite different.

¢ e (0)

blow up. (-0<a<-2)

L2

is bounded. Hux (t) blows up.

LOO




-1 = a<0. Followsthe recipe of Chen &0O. Proc.
Japan Acad., (2002)

Define (D(S) _ | g |—1/a
Invariance

‘o di=[ @ d
- @) = [ ' it + an Ja

X XX

::Lﬁ¢%um)+wn%gDTum)ﬁ@d%::O.

—1/a 1
u_ (2, x)‘ dx, J;)

1
Boundednessofi} Z@m(tyxﬂahf



-1 =a<0. Continued.

<c
’ utxx + uuxxx o auxuxx =V uxxxx gives us
d
7 u_ (t,x)°dx = (2a+1)j U, *dx
[

d

- u_ (t,x)>dx < c(2a—|—1)_“ u_ (t,x)"dx



0 =a<1. Followsthe recipe of Chen &0O. Proc.
Japan Acad., (2002)

 Define 1/(1-a)
oI (5<0)
0 (0<s)

d ¢l ot
Then | D, )dx = af ul @', )dx <0

dx is bounded.

I

u_ (t,x)

XXX



Non-smooth, self-similar blow-up solutions when -1 <
a < +oo

7 (x)
T -t
F"+FF"—aF'F" =0,

u(t,x) =

= Nontrivial solution exists for all -1 <a <+wx.



v=1.0
m = 1000
f(0,x) = 100(3x” - 1)

TR

Another .

e 3D Navier-Stokes
exact sol.

00000

=-1 x=1

Jow T =) o = = () ) S =V i
Sf(t,.X) — f(t,—X)

 Nagayama and O., '02 numerical
experiment.

* Proof 7?7



Conclusions

A proper convection term prevents the
solution from blowing-up. Or, at least, rapid
growth is slowed down by a convection term

There are some cases where proof is needed.

Blow-up behavior is very different from a
nonlinear heat eqn: the yoke of non-locality.

More problems in Bae, Chae & O. Nonlinear
Analysis 2017. O. in Handbook

Thank you very much.
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