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Introduction

We first consider

—u"(t) = Au(t)+gu®)), tel:=(-1,1), (1.1)
u(t) > 0, tel, (1.2)
u(-1) = wu(l)=0, (1.3)

where A > 0 is a parameter, and in what follows, we assume that g(u)

satisfies the following conditions.
(A1) g(u) € CHR) and u + g(u) > 0 for u > 0.

(A.2) g(u+2m) = g(u) for u € R.
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How to construct a solution and a bifurcation curve

It is well known (cf. [T. Laetsch, 1970]) that if
u+g(u) >0 for u>0,

then by time-map method, we find that \ is parameterized by using
a = ||u)|so, such as A = A(a) and is a continuous function of o > 0. Since

A depends on g, we sometimes write

A= Ag,a).
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How to construct a solution and a bifurcation curve

We put .
fw)=u+g(u), F(u):= /0 f(s)ds.

If (u, A) is a solution of (1.1)—(1.3) with ||u/lcc = @ > 0, then by (1.1), we
have

{u"(t) + M (u(t)) }'(t) = 0.

So for —1 <t <0,
1
§u’(t)2 + AF(u(t)) = constant = A\F(«).

Since u/(t) > 0 for —1 <t <0, we have

u'(t) = V2A\/F(a) — F(u(t)) (=1<t<0).
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How to construct a solution and a bifurcation curve

Then by putting u(t) = 6, we obtain

o (1.4)

Therefore, for any given constant o > 0, we define A(«) by (1.4). Then
the equation

(t+1)v/2\a) = /Ou Mde

defines a one-to-one relation between ¢ and u for —1 < ¢ < 0 and
0<u<asothatt=—-1ifu=0and¢=0if u=c«a. Then by the
function u(t) so defined and using a reflection with respect to ¢ = 0, we
can construct a C%-solution of (1.1)-(1.3).
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* The study of the structures of the bifurcation curves is one of the main
topics in bifurcation analysis, and there are quite many works concerning

the properties of bifurcation diagrams.

* In particular, the qualitative properties of the oscillatory bifurcation

diagrams have been studied intensively.

* In this talk, we focus on the study whether A(g, «) inherits the

oscillatory properties of g(u) or not if g(u) is a periodic function.
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To clarify our intention, we first consider the typical example
go(u) = (1/2) sin u,

which satisfies (A.1)—(A.2). Recently, the following asymptotic formula for
A(go, @) as o — oo has been obtained in [S, 2016].

Theorem 1.0 ([S, 2016]). Let go = (1/2)sinu. Then as o — oo,

2 n [r 1 _
AMgo, ) = T 20\ 3g 5in (a—4ﬂ'> + 0(a™?). (1.5)

We see from Theorem 1.0 that A(go, «) satisfies the following oscillatory
property (OP).
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Property (OP)

(OP) \(g,a) — m2/4 as «a — oo, and it intersects the line \ = % /4

infinitely many times for oo > 1.

2 /4

2 /(4(1 4 4'(0)))

Fig. 1: A\(g,a) with (OP) (¢(0) =0)
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Since g(u) is bounded in R by (A.2), it is clear that \(g,a) — 72/4 as
a — 00. Therefore, the essential point is to find the condition whether

A(g, @) intersects the line A = 72 /4 infinitely many times for o > 1. For

example, we have

. g(u) = %sm%ﬂ(u) — (OP)

+ g(u) = § sin®"(u) => Not (OP)

Indeed,
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First Results

Theorem 1.1 ([S, 2016]). (i) Let k =2n (n > 1). Then as o« —

72 T 2n 2 _.(2n
A2n,a) = A 92nti, <n) T 92nt1,3/2 Z(_l)n T( r )
r=0

sin ((Qn —2r)a+ 2) +O0(@™?).  (16)

X

1
Jnor

(i) Let k=2n+1 (n>0). Then as « — o

2
™ Pyt 2n+1
A2n+1,a) = a4 22n+1a3/2 Z ( ) (1.7)
! in{ (2n—2r+ 1)« !
e — S p— —_
2(2n — 2r + 1) 4"
+O(a™?).
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A(2n, @)

Fig.1 bifurcation curve for \(2n, «)

Tetsutaro Shibata (Hiroshima University)

Bifurcation Problems 2019/5/11,12 12 /77



A2n+1,a)

o Fig.2 bifurcation curve for \(2n + 1,a) (n > 1)
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Delicate Example

* For instance, we consider the following typical example. Let §,¢ > 0 be
small fixed constants. We consider 1) € C*(R) satisfying

P(t) > 0, tely:=(n/2—=6,m/2+)),
Yit) = 0, [—m, 7]\ s,
and
ge(u) = sinu+ ey(u) for u € [—m, 7],
ge(u+2m) = ge(u) for u € R.

Clearly, gc(u) satisfies (A.1)—(A.2). However, it seems difficult to
distinguish whether g(u) satisfies (OP) or not.
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7r/2 z

Fig.2: graph of sinz + e(z)

Now we state our main results.
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Global behavior of bifurcation curve

Theorem 1.2. Assume that g(u) satisfies (A.1)—-(A.2). Then as o — oo,

Mg, ) = ——\/;ZWJFO 2, (18)

where
a0 = i/_ﬂ 4(6)d6, (1.9)
Cn = /_7r g'(0) cos <n(0 —a)+ i7r> d9, (neN). (1.10)

2019/5/11,12 16 / 77
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Corollary

As a corollary of Theorem 1.2, we obtain a meaningful result for the

asymptotic property of A(g, ).

Corollary 1.3. Assume that g(u) satisfies (A.1)-(A.2). If ag # 0, then
Mg, @) does not satisfy (OP).

We apply Corollary 1.3 to A(ge, ). In this case, we have

=+ /” gu(0)d0 = 1 /F (sinf + exp(6))df = % _w $(0)do > 0.

L - T )

By this, A(ge, «v) does not satisfy (OP).
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Local behavior of bifurcation curve

Remark. Theorem 1.2 is also useful to determine g(u) satisfies (OP). For
instance, let g1 (u) = (sinwu + sin 2u) /4. We show that (g1, u) satisfies
(OP) in Example 2.2 in Section 2.

Local behavior of \(g, ).

The method to study the local behavior of A(a) has been already
established in [S, 2014,2016], since the time map method and Taylor
expansion work very well in this case. To understand the total structure of

A(g, @), we show the following asymptotic formulas for completeness.
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Local behavior of bifurcation curve

Theorem 1.4. Assume (A.1)-(A.2). Furthermore, assume that g € C*
near u = 0.

(i) Assume that g(0) # 0. Then as a — 0,

Mg, a) = 92(3) {1+ Ara + Asa® + o(a?)} (1.11)
where
__° / _32(1+4(0)®  114"(0)
A = —m(l +40), A= 202 T30 g(0)° (1.12)
(ii) Assume that g(0) = 0 and ¢’(0) > —1. Then as « — 0,
B 1 2 7g"(0)
Mg, o) = 7900 < Y 3(1—1—9’(0))a+o(a)>' (1.13)
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Rough graph of A(«) with (OP)

Fig. 3: A(g,«) with (OP)
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Proof of Theorem 1.2: Global behavior of A(«a)

* The proof of Theorem 1.2 is given by the combination of time-map
method, Fourier expansion and the asymptotic formulas for some
special functions.

* In this section, let a > 1. For simplicity, we write A\ = A(g, «).

Furthermore, we denote by C' the various positive constants independent

of ao. We put
G(u) == /Oug(s)ds. (2.1)
It is known that if (uq,\) € C%(I) x R, satisfies (1.1)—(1.3), then
U (t) = ug(—t), 0<t<1, (2.2)
uq(0) = _max uq(t) = «, (2.3)
ul(t) >0, —-1<t<O. (2.4)
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We construct the well known time-map. By (1.1), we have
{u" + A (ua(t) + glua(t }u

By this and putting ¢ = 0, we obtain

; ul (1) + A < o(t)? + G(ua(t))) = constant = \ <;a2 + G(a)) .
This along with (2.4) implies that for —1 <t <0,
= VA2 = ua(t)? + 2(G(e) — Gluqa(t))). (2.5)

It follows from (A.2) that |g(u)| < C for u € R. Then for 0 < s <1,
‘G(a) —G(as)| _ | Jas9®)

Ca(l—-s _
a?(1—s?) | |a2(1— 32) L <cat (2.6)

T a?(1-s2) —
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By (2.5), (2.6), putting s := u(t)/a and Taylor expansion, we obtain
= / ’ o () dt (2.7)
~1 /a2 —ua(t)? + 2(G(a) — G(ua(t)))
! 1
- /0 =1 2C0) =Gl
1

L |
B /0\/1—82\/1+2

ds
(G(a) — G(as))/(a?(1 - s?))
1 Gla) — G(as _

0 1 9
where

LG(a) - Glas
K(a) ::/0 Gla) —Glas) ,

(1 — s2)3/2
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We calculate K («) by using the asymptotic formulas for some special
functions. It is known that under the conditions (A.1)—-(A.2),

[e.9]

1 o
g(x) = 540 + Z @y, COS NT + Z by, sin nx (2.9)
n=1 n=1

holds for € R and the right hand side of (2.9) converges to g(z)

uniformly on R. Here,

1 (7 1 (7 .
anp = 7T/_Wg(ﬁ) cosnfdf = - _ﬂg’(@) sinnfdfd  (2.10)
= ——a, (ne€Np),
b, = 1 /ﬂ (0) sinnbdh = 1 /7T '(0) cos nOdo (2.11)
e e :
1
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Asymptotic behavior of K («)

We obtain (2.10) and (2.11) by using integration by parts, since

g(—m)

— g(r) by (A2).

Lemma 2.1. As o — oo,

K(a) = —aooz—i- \/ﬁznsm (a™1/?). (2.12)

Proof. We put s = sin@ in (2.8). Then by integration by parts, we obtain

K(a)

Tetsutaro Shibata

cos? 6

/2 1

_ /O —_(G(a) - G(asin))db (2.13)
/2

_ /O (tan 0)/(G(a) — G(a sin 0))d0

/2
= [tanf(G(a) — G(asm@))] /2 —i—a/o g(asin @) sin 0d6.
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Asymptotic behavior of K («)

By I'Hopital’s rule, we obtain

— i 0 6
lim G(a) — G(asin®) T ag(asin @) cos _0. (214)
6—7/2 cos 6—m/2 sin 6
For n = N, we put
U, = / cos(nasin §) sin 0d6, (2.15)
0
Vo = / sin(nasin @) sin 6d6. (2.16)
0

By (2.13)—(2.16), we obtain
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Kla) = «

[
= a/ {a0+2ancos na sin 6)
0

n=1

g(asin @) sin 0d0 (2.17)

+ Z by, sin(na sin 6) } sin 0d6
n=1
1 & /2 ) )
= o500 + Z an / cos(nasin 0) sin 6d6
+ Z by, / sin(nasin 6) sin 9d9}

= « {;ao —T;Tll&nUn +;iénvn}
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Asymptotic behavior of K («)

Put 6 = /2 — ¢ in (2.15). Then by (2.9)=(2.12), (2.14), (2.15) and [I. S.
Gradshteyn and |. M. Ryzhik, Table of integrals, series, and products,
p.425], we obtain (E,(z): Weber functions, Y, (z): Neumann functions)

/2
U, = / cos(na cos ¢) cos ¢ do (2.18)
0

— T(Ei(na) — E_1(na))

= —(=Yi(na)+Y_1(na) + O((na)™?)
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Asymptotic behavior of K («)

!
™
4
™
4
T
4
+

3
~
3

sin(na cos ¢) cos ¢ do (2.19)

—

Ji(na) —J_1(na)}

—

Ji(na) — J_1(na)}

s\ [ 1
no 477' n’]raCOS no 47['

—N—
3 ‘
N
?‘

o
o
73

=
8
£
|

w

~
\_[5)

- \/;cos <na - iﬂ) +O((na)™3/?).

(J.(2): Anger functions, J,(z): Bessel functions)
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Asymptotic behavior of K («)

By (2.15)—(2.19), we obtain

1 T (. . 3
K(a) = a{2a0+1/2anzl<ansm<na—47r>
~ 3 1
+b,, cos na—iﬂ 3
1
~1/2
+0( /an)

- {a0+ \/;anﬂ} (a1/2).

Thus the proof is complete. O

By (2.7) and Lemma 2.1, we obtain Theorem 1.2. O
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Special functions and their asymptotic behavior

J,(z): Bessel functions, Y, (z): Neumann functions,
J,(z): Anger functions, E.(z): Weber functions

I'(z): Gamma functions.

For z > 1, we have (cf. [I. S. Gradshteyn and I. M. Ryzhik, Table of
integrals, series, and products, p. 929, p. 958])

Ni(z) = % {[1 + Ri]cos <z - iw>
21; 8 + Ry sin (z - iw> } . (2.20)
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Special functions and their asymptotic behavior

Ja(z) = % {[1 + Ri]cos <z 4 iﬁ>
_ 21211: g% + Ry | sin (z + in) } , (2.21)

Yi(z) = \/Z{u + Ri]sin <z - i7r>
+ 21r 8 + Ry | cos (z - iw> } . (2.22)

Yoa(s) = \/Z{u + Ry]sin <z + iw)
+ 21; 8 + Ry| cos (z + iw) } . (2.23)
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Special functions and their asymptotic behavior

where
r(3) r(3)
] < 8T (—1) 22| ol < 48T (—2) 23|
Jil(z) Jil(z)a
Eﬂ(z)

Bifurcation Problems

2019/5/11,12

33/77



Example 2.2. Let
sinu + sin(2u

gi(u) = —— —— 2

Then g1 (u) satisfies (OP). Indeed, in this case, it is clear that a,, = 0

(n € Ny) and b,, = 0 (n > 3). Therefore, we see from (3.18) that

~ 1 (™1 1

by = — / —(cos 8 + 2 cos 20) cos 0dO = —, (2.27)
m)_ 4 4

~ 1 /™1 1

by = — / —(cos 8 + 2 cos 20) cos 20dh = —. (2.28)
m) 4 2

By this, (2.17) and [l. S. Gradshteyn and |. M. Ryzhik, Table of integrals,

series, and products, pp. 30], we obtain

2019/5/11,12 34 / 77
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~ 1~ 1
K(Oé) = Oé{ 1Vi+ 252‘/2} = ZO&(V& + Vg) (2.29)
al ™ _3 /T _3 ~3/2
= 7 { 5o, €08 <a 47r> + 10 €08 <2a 47r> + O(« )}

= T o (0 3x) teos (20 20 w010 |

By this and (2.7), we obtain

2 13/2
Ma) = % Sai2 {\@cos <a - iw) + cos <2a - iw)}
+0(a™?).

For instance, if we put a = nm + (37)/4 (n € N, n > 1), then we can
easily check that A(«) satisfies (OP).
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Local behavior of A(g, a)

The local behavior of A(a)) = A(g, «) is easy to calculate, since Taylor
expansion and the time-map method work very well. We only prove

Theorem 1.4 (i) for completeness.

Proof of Theorem 1.4 (i). Since ¢(0) # 0, by (A.1), we see that

g(0) > 0. By (1.1), (2.5) and Taylor expansion, for 0 < u < 1 and
—1 <t <0, we have

ug () = \/A(Q)Ma(ua(t))a

where
Ma(u) = 29(0)(a —u) + (1+4'(0))(a® - ?) (3.1)
204 o()g"0)(0® — o).

By this and putting s = u,(t)/«, we obtain
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Local behavior of A(g, a)

(3.2)

Vi = [
::¢;%»L§vT_s 1

\/1+ 1+g’ (0) 1+8)+MO&2(1+3+82)

69(0)
\/ Qg /0 VvV1—s

_wa s) — g"(0) o? s+ g2
[1 190) 0T e et

ds

+ (14 ¢'(0))%a?(1+ 5)? + o(a?)]| ds

32¢(0)2
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Local behavior of A(g, a)

_ a [2_ 5(14 ¢'(0))

29(0) 69(0)
! 2 "
43(1 +49g (0)) . Eg (0) Oé2 + o(a2) .
80  g(0)? 30 ¢(0)
This implies (1.11). Thus the proof is complete. O
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Bifurcation curve with nonlinear diffusion

In this section, we consider

[D(u(®)u®)] + Xf(u(t)) = 0, tel:=(0,1), (4.1)
u(t) > 0, tel, (4.2)
u(0) = wu(l) =0, (4.3)
where
D(u) = u*,

f(u) = > 4 sinu,

and A > 0 is a bifurcation parameter. Here,
n € Nand k (0 <k < 2n — 1) are constants.

Tetsutaro Shibata (Hiroshima University) Bifurcation Problems 2019/5/11,12 39 /77



Bifurcation curve with nonlinear diffusion

* (4.1)—(4.3) has been introduced by H. Lee, L. Sherbakov, J. Taber, J.
Shi (2006). Especially, the case D(u) = u* (k > 0) has been derived from
a model equation of animal dispersal and invasion. In this situation, A is a
parameter which represents the habitat size and diffusion rate. Such model

also appears as the porous media equation in material science.

* On the other hand, there are several papers which treat the asymptotic

behavior of oscillatory bifurcation curves.

* Our equation (4.1)—(4.3) contains both nonlinear diffusion term and
oscillatory nonlinear terms. The purpose of this talk is to find the
difference between the structures of bifurcation curves of the equations
with only oscillatory term and those with both nonlinear diffusion term and

the oscillatory term in (4.1).
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To clarify our intention, let k =2 and n = 2. Then (1.1) is given as
(u?u') + \(u + sinu) = 0. (4.4)

The corresponding equation without nonlinear diffusion is the case k = 0

and n = 1, namely,
u” + Mu + sinu) = 0. (4.5)

* As before, by the time-map argument, for any given o > 0, there exists
a unique classical solution pair (A, u,) of (4.1)—(4.3) satisfying

a = ||uq||oo. Furthermore, X is parameterized by a as A = A(a) and is
continuous in & > 0. For (4.5), the following asymptotic formula for A(«)

as a — oo has been obtained.
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Theorem 4.1. ([S, 2016]) Consider (4.5) with (4.2)—(4.3). Then as

a — 00,

Ma) = 7% — 42\/5811& (a — %) +o(a™%/?). (4.6)

For (4.5) with (4.2)—(4.3), the asymptotic behavior of A(«) as & — 0 is as
follows. For a solution pair (A(«), uq) satisfying ||uq||cc = «, put

Vo (t) := uq(t)/a and let @ — 0. Then we easily obtain the function

vg € C?(I) which satisfies —v{j (t) = 2X(0)vo(t), vo(t) > 0 for ¢t € I with
v9(0) = vo(1) = 0. This implies A(0) = 72/2. By this fact and Theorem
4.1, the bifurcation curve \(a) starts from 72/2 and tends to 72 with

oscillation and intersects the line A = 72 infinitely many times for oo > 1.
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«

The graph of \(«) for (4.6) (k=0,n=1)

Since (4.4) includes both the nonlinear diffusion function and oscillatory
term, it seems interesting how the nonlinear diffusion functions give effect

to the structures of bifurcation curves.
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Theorem 4.2. Consider (4.1) with (4.2)—-(4.3). Then as o — o0,

Aa) = 4na?Ft2=2n (4.7)
2 T k4+(1/2)—2n T k4+(1/2)—2n
X {Ak,n 2Ak 04/ 5, & sin (a 4) + o(« )} ,
where

1 sk
Apn= | —ds. 48
N /0 = (4.8)
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Rough Graph of A\(«)

By Theorem 4.2, we obtain the global behavior of A\(«) as av — oo for
n = k = 2, and see that the asymptotic behavior of A(«) are completely

different from that for £k = 0,n = 1 by comparing the figures.

a
Fig. 2. The graph of \(«a) for k =n =2
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Local Behavior of A\(«)

Now we establish the asymptotic behavior of A(«) as aw — 0 to obtain a

complete understanding of the structure of A(«). Let

1 sk
By = /ol—skﬁds’ (4.9)
1 k k+4
B, = 12’Zk++24) /0 51(—13_’:2;/)26187 (4.10)
B, — k;;f/()l (fk_(132+§2)32d8’ (4.11)
- /01 s&’;(:;];;)ds, (4.12)
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Local Behavior of A\(«)

Theorem 4.3. Consider (4.1) with (4.2)—(4.3). Then the following
asymptotic formulas hold as o — 0.

(i) Assume that k +4 < 2n. Then

Ma) = 2(k 4+ 2)a*{B2 + 2ByB1a? + o(a?)}. (4.13)
(ii) Assume that 2n =k + 4. Then

Ma) = 2(k 4 2)a*{B2 — 10ByB1o? + o(a?)}. (4.14)
(iii) Assume that k+2 < 2n < k+4. Then

Ma) = 2(k 4 2)a*{B2 — ByBya®"F 2 £ o(a®%72)}.  (4.15)
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Rough Shape of A\(«)

(iv) Assume that 2n =k + 2. Then
Ma) = (k +2)af{BZ + ByB1o? + o(a?)}. (4.16)
(v) Assume that k +1 < 2n < k+ 2. Then
Aa) = dna® =LA — 24), B3a 2T 4 o(aF T2} (4.17)

A

T2 )2 | TN T N

Fig. 3. The graph of \(«) for k =1, n =2
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Rough Shape of A\(«)

«
Fig. 4. The graph of \(«a) for k =n =2
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Rough Shape of A\(«)

N A=1242,072 (a > 1)

a
Fig. 5. The graph of \(«) for k=1,n=3
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Sketch of the proofs

The proofs depend on the generalized time-map argument and stationary
phase method (cf. Lemma 5.1 below). It should be mentioned that, if we
apply Lemma 5.1 to our situation, careful consideration about the
regularity of the functions is necessary.

By the generalized time-map obtained in [16] (cf. (5.7) below) and the
standard time-map argument, we see that for any given o > 0, there exists
a unique classical solution pair (A, u,) of (4.1)—(4.3) satisfying

a = ||uq||co- Furthermore, X is parameterized by  as A = A(a) and is

continuous in o > 0.
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Fundanental tools

For u > 0, we put
1
Glu) = / (y y=5ou" + Gi(w) (5.1)

= u2n+/ y" sin ydy.
2n 0

It is known that if (uq, A(a)) € C%(I) x Ry satisfies (4.1)-(4.3), then

Ua(t) =un(l—1t), 0<t<1, (5.2)
1
Uq <2) = max uq(t) = «, (5.3)
1
up(t) >0, 0<t< 3 (5.4)
For 0 <s<1and a> 1, we have
Gi(a) — Gi(as) [ wh sinwdw 19
= |28 < Cafti=2m « 1., 5.5
a2n(1 — s2n) a2n(l — s2n) | = @ < (5.5)
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Fundanental tools

By (4.1), we have
(D)) + A (uO)} D(uO)u(r)] =0,
Namely, by putting t = 1/2,
% [3PaOWO? 1 36u)] =0

%[D(u(t))u(t)’]Q + AG(u(t)) = const. = AG(),

D(u(t))u(t) = v2X\(G(a) = G(u(t)), 0<t<
By putting u = u(t),

1 [P D(u(t)'(t) _[* D) y
2V = /0 \/QA(G(a)—G(u(t))dt_/o G(a)—G(u)d‘

N | =
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Fundanental tools

By this, (5.2) and Taylor expansion, we see that

\/W _ /a \/%du (5.6)

du

/ ¢ a%—ﬂn+Gﬂ) GK)

ds

R
A J1= 9"+ Z:(Ci(a) - Gilas))
= V2nak+in / il { n_ Gi(a) — Gas)

0o Vi—sn |0 al (1-—s2n)
k

— Vanaktion { /0 1 —ds — L)1+ o(l))} ,

(1 —i—o(l))} ds

where
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Fundanental tools

1 Sk
L(a) = /O (i) ~ Galas)is (5.7)

We see from (5.6) and (5.7) that if we obtain the precise asymptotic
formula for L(a) as a« — oo, then we obtain Theorem 4.2. To do this, we
apply the stationary phase method to our situation. Indeed, we have the

following equality.
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stationary phase method

Lemma 5.1. Assume that the function f(r) € C2[0,1], w(r) € C3[0,1]

and
w'(r) <0, re€(0,1], w'(0)=0, w"(0)<0. (5.8)

Then as y — o0

wwrd = Z¢ i(pw(0)—(r/4)) [ 2% 0 O<1> 9
[ s T @0 (5) 69

In particular, by taking the imaginary part of (5.9), as u — oo,

1 2T

/f r)sin(ueo(r))dr = 51 | Srr o))

T #(0) sin (w(O),u - Z) +O (;)(5.10)
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Lemma 5.2. As o — o0,

T 1 . T
(o) = \/gng/?amlﬂ) sin (a _ Z) +O(ab). (5.11)
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Proof. We put s = sinf and

Y(0) = Yi(0)(Gi(a) — Gi(asind)) (5.12)
sin® 6 .
= (]. + sin2 0+ -+ Sin2n_2 0)3/2 (Gl(a) - Gl(a s 9))

By integration by parts, we have

1 s*(Gh(a) — Gi(as
L(Ol) = /(; (1 _ 82)3/5(11—(1— 22 + 1( +?S)2n2)3/2d5 (5.13)

B /W/Z 1 sin®0(Gi(a) — Gi(asing))
~Jo cos?@ (14 sin?6 + - - - 4 sin?"2 9)3/2
= Ll(a) — Lz(a)

do

/2
= [tan HY(G)]S/Q — /0 tan 6{Y1(0)(G1(a) — G1(asin9))} d6.
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Proof of Key Lemma

By I'Hopital’s rule, we obtain
lim Gi(a) — Gi(asin0) (5.14)
0—7/2 cos 6

. acosf(asinf)¥ sin(asin )
= lim -
0—7/2 sin 6

=0.

This implies that L;(a) = 0. Next,

w/2
Ly(a) = /0 tan 0{Y7 (0)(G1(a) — G1(asin6)} (5.15)

— Y1 (0)x cos O(arsin 0)F sin(a sin 0) }dé.
= Lgl(a) - LQQ(Q).
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Proof of Key Lemma

We first calculate Loj(cr). Assume that & > 0. Then

sin®~1 6 cos 0

(1+sin?6 + - +sin?"=29)3/2

3(sin2 0+ 2gin 9 4ot (n _ 1) sip2n—2 0)
1+sin?0+---+sin?" 29

Yi(0) =

(5.16)

X |k —

This implies that for a > 1,
| tan Y] (0)] < C|sin* 0] < C. (5.17)

By direct calculation, we also obtain (5.17) for the case where & = 0. By

integration by parts, we obtain
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Proof of Key Lemma

|G1(a) — Gi(asinf)| =

/ w” sin wdw‘ (5.18)
«

sin 0

< ‘ [—fwk coS fw} : + / kwk ! cos wdw‘
asin @ asind
< Cot.
By (5.17) and (5.18), for a > 1, we obtain
|Loi(a)| = |tan Y] (0)(G1(a) — G1(asinh))| < Car. (5.19)
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Proof of Key Lemma

Since
w/2
Ly(a) = aFt? / Yi(a)sin® ™ @sin(asinf)dd,  (5.20)
0

by putting 0 = g(l — ), we obtain

Do) = ot [ cos L g
2 2 0 (1+(3052 Zr+4 -4 cos?=2 Zr)3/2
X sin (a cos o7 ) dr. (5.21)
Let
cog2kt+1 Ty
f(r) = 2" w(r) = cos gr, pu = a(5.22)

© (L4cos2Zr+ - +cos2n 2% )3/2’
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Proof of Key Lemma

Case 1. Assume that k > 1/2 or k = 0. Then clearly f(r) € C?[0,1], and
we are able to apply Lemma 5.1 to (5.21). Then we obtain
_ Tl ey < _77) K

Ly () = 5732 sin (@ — 7 ) + O(a"). (5.23)
By this, (5.16) and (5.19), we obtain (5.11).
Case 2. Assume that 0 < k < 1/2. Then f(r) € C'*2¥]0, 1] with
0 < 2k < 1. Therefore, f(r) does not satisfy the condition in Lemma 5.1.
However, by the modefication of the argument, we find that we can still

apply Lemma 5.1 to (5.21) in this situation and obtain (5.23). Thus the

proof is complete. O

By (5.6) and Lemma 5.2, we obtain Theorem 4.2 immediately. Thus the

proof is complete. O
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Local Behavior of A\(«)

In this section, let 0 < aw < 1. The proofs of Theorem 4.3 (i)-(v) are

similar. Therefore, we only prove (i).

Proof of Theorem 4.3 (i). We assume that 2n > k + 4. Then by Taylor

expansion, for 0 < s <1, we have

G(a) — G(as) = %a%(l — 52" 4 mof“”(l —s"2) (6.1)
1
- m@’”“(l — s (1 + o(1)).

By this, Taylor expansion and putting u = ass, we obtain
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Local Behavior of A\(«)

uFdu
\/ﬁ(a% — un) + ﬁz(akﬂ — ukt2) — 6(k1+4) (aktd — yk+4)(1 4 0o(1))
1 sk
:\/k—l—Qak/Q/ ds
0

V1 — st \/1 - G(kk—i—-l—24) tiii‘é a? +o(a?)
1 k k 2 11— k+4
:\/k;—l—2ak/2/ 8(1+12 + i a2+0(a2)> ds
0

1— sht2 (k+4)1— sht2
= Vk 4 20F2{By + Bia? + o(c?)}. (6.2
This implies (4.13). Thus the proof is complete. O]
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Stationary Phase Method with Less Regularity

In this section, we show that Case 2 in Lemma 5.2 holds for completeness.
We put

_ ok T L 7.1
(@) = fi(2) fa(x) := cos 2" (14 cos? §x + - -+ 4 cos?n—2 gm)?’/?( o

Note that 0 < 2k < 1. We see that fo(z) € C?[0,1]. The essential point
of the proof of Lemma 5.1 in this case is to show [Korman, (2012),

Lemmas 2.24 and 2.25] holds with less regularity. Namely, as © — oo,

/ f(a)e ™" dx = \f e TN+ 0 (;) . (72

We put h(z) = (f(z) — f(0))/x. Then we have f(z) = f(0) + zh(z). We
know from [Korman (2012), Lemmas 2.24] that for p > 1,

1, 1 /m . 1
T dy = =, [ ZeT ™4 1 O <> . 7.3
/0 2\/; 7 (7:3)
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Stationary Phase Method with Less Regularity

By (7.2) and (7.3), we obtain

1 1
O(u) = f(O)/O e—iufﬁ2d$+/0 a:e_i’““Qh(a:)dac (7.4)

1 T . 1 1 -
= —f(0), /e ™t 1O () +/ e "M h(x)dx.
G )+ [ (@)

We put

B (1) = /O e~ (2) dx. (7.5)

Now we prove that h(x) € C'[0, 1], because if it is proved, then by
integration by parts, we easily show that ®;(u) = O(1/u) and our

conclusion (7.2) follows immediately from (7.4) and (7.5). For 0 <z <1,
we have
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Stationary Phase Method with Less Regularity

hz) = M (7.6)

+ f1(0)
= fg(l’)hl(x) + f1 (O)hg(x)

fQ(x)?l(ﬂf) ; f1(0) fa(x) — f2(0)

X

Then we have hy(z) € C1[0,1]. Furthermore, by direct calculation, we can

show that hi(x) € C1[0,1]. It is reasonable, because by Taylor expansion,
for 0 < x < 1, we have

2k + 1)
hn(z) = —(E)WHO(:&). (7.7)
Thus the proof is complete. O
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Thank you very much

Thank You for Your Attention
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