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§0. Introduction - thin elastic body

Studies on the elastic properties of thin bodies are important from engineering point of view.
Buildings, bridges, towers, aircrafts (and etc) are composed of several thin material. The
mass of those objects are much smaller than they look like.

FIGURE 1. Sample of Q(¢)



g1. Spectral problem of elastic bodies
() C R?: a bounded domain (homogeneous isotropic elastic body)

Variable u = (uy, ug, u3) :  — R? displacement vector field (Z#%)
0i; (154,75 < 3): MARRNDI 1T YV

7w 7 OB : 03(x) = 377412y Cijm(@)en(u)
ZZT

— — S .. S . . 3 ‘\/\ }1/
2 \ Oz, + 55@) (14,5 <3) (Strain tensor, R U 1v7 >V )b)

eij(u)

PR DI —BRF TIN5 6 Cijn = Mo(k, 1)0(1, ) + 2X20(2, k)0 (1, 5)

oii(u) = A div(u)o(i,7) + 2 Ay e;(u) (1 =4,5 <3) (Stress tensor, o 17 >~V V)

Lamdé constants (7 A ER): Ay > 0 MRREHMEZR Ay > 0 MM =R



[Operator of elasticity]

3

do .

Llul; = Z 08]:1: (u) (1 £4 < 3), (elasticity operator)
j=1 /

[t is rewritten as
L[u] = M Au + ()\1 + AQ)V(diV ”LL)
The oscillation of the elastic body :
0%u

¢ o2
with some boundary condition.

= Llu] (Wave motion)

It has a time periodic solution u(t, z) = e™“'®(x) which leads to

L[®] + ow?® =0



The operator L appears as a gradient operator of the energy functional H(u)

H(U) = /Q )\1 (le U)2 + 2)\2 Z ez-j(u)2 dx

1=i,j<3

=T H(u e)mo = (—Llul, @) poms) (¢ € CF(LRY)

Time dependent problem

/ /1 8u|2__7'[< ))dzdt (Lagrangian)



[Eigenvalue problem)]

(E) {L[CID]Jr,LL(I):O in €,

=0 on Iy (fixed), o(P)yr=0 on Iy (No-traction)

0N =T1UTy, "Ny =10



[Max-Min principle for the eigenvalues]
p = nf{R[D] | @€ W, ®#0)}, R[] :=H[D|/||®]]2qps (Rayleigh quotient)
W={dec H(QR)|®=0o0nT,}

W, = {F C L*(Q;R?) | F : a linear subspace with, dim(F) < ¢}

The k— eigenvalue is characterized as follows

Theorem (max-min principle).

[, = Sup (inf{R[CD] | deW, & 1L Fin LQ(Q;RB)})
Few, 4

The set { i }x>1 becomes a system of the eigenvalues of (E). It is an non-decreasing unbounded

sequence of real numbers. They are associated with a complete system of orthonormalized
eigenfunctions { Py }7° ;.



Energy level of different oscillations of a thin rod

Question: What are the characteristic spectral properties of thin rods 7

Geometric Instinct tells that there could be phenomena of bending, stretching, torsion (at
least) and it seems that bending modes easily occur.

Qe) = {(z1, 09, 73) ER? | ¥ + 25 < €, 0 < w3 < ¢}  (thin domain, simple case)

Rough characterization for several modes

(Stretching (fH##) mode) d(xz) = (0, 0, P(x3))
(Torsion (#£21) mode) U(x) = (—xot(x3), T19(x3), 0)
(Bending (HH17) mode) T(x) = (0, v(x3), —220 (23))

Here ¢ = ¢(7),v = (7),v = v(r) € C([0,4]) : arbitrary scalar functions with a certain
boundary condition at 7 =0, ¢
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Simple calculation for evaluating ”several kinds of deformation” and "energy cost”.

1ol = 7€ [ 00, gy = 5 [ 00
¢ 7T€
Y1120 52 = 7€ / v(r)dr + = (U( ) dr
0 4 0
‘ ¢ 647T ¢
H@qum»{/@wwm,H@prg/wwwm,H@)AT; ("(7))2dr
0 0 0
We see that

R(®)=0(1), R(W)=0(1), R(T)=O0(e)

Lower class of eigenvalues correspond to Bending modes.



2. Small eigenvalues - Bending modes in thin rods
¢ > 0: a constant, B C R? : a connected bounded domain with C*® boundary
S=Bx(0,f), s=(Bx{0})U(Bx{}), sy=0Bx(0,4).
0S = S1 U S9

F:R? — R? ( CP-diffeomorphism) is defined as
F(z) = (Fi(2), F2(2), 23) (2 = (21, 22, 23) € 5)
F;(0,0,23) =0 (0= 23=¢, i=1,2), the Jacobian of F(z) >0 (z € 5)

F.(z) = (eFi(2),eF5(2),23) (2= 1(z1,29,23) € 5)

Note 0€2(e) = I'1(e) U FQ(GT



FIGURE 2. Sample of €2



F1GURE 3. Sample of €2



Coordinates
Q(E) o X = ($17$27$3)7 £ = Yy = (91792793)7 S >z = (21722723)

(71, 22, 23) = (€Y1, €Y2,¥3), (Y1, y2,43) = (F1(2), Fa(2), 23), (w1, 72, 23) = (eF1(2), €Fo(2), 23)

Eigenvalue problem

Lo +pu®d=0 in e
(EP>€ ®=0 on F1<€)
og(®)n =0 on TI(e)

Denote by {ur(e) }72, the eigenvalues of (E'P). which are arranged in increasing order, count-

ing multiplicities (cf. the books of Courant-Hilbert, Edmunds-Evans).



Preparation for the main results

Definition

y1,y2) € R* | (y1, 49, y3) € Q}

H(ys) = /A 1 dy,dys, [ vi dyrdye,  Aii(ys) = /
Qy3) Q
Vv —

IL; = 1Li5(ys) = Aijys) — il

)

)

(y3)
Ao(3A1 + 2X9

N———

( ) A+ Ao
Remark. Denote
0F|, 0F| 0F)
OF, oy oy oFf
_ (82.) oo m e ) =da(e)
J/ 1<0,7<3 0 0 1
then
H(z)= [ J.(7, 23)dz Ki(z3) = /E(z’,z;),)]*(z’, z3)d7,
B B
Aii(z3) = | Fi(Z',23)Fi(2, 23) (2, z3)d2" (23 € [0,1]).

B

iy dy1dys(0 =

Young modulus.

?J3§€)



Theorem (S. J., A.Rodriguez Mulet). For any k € N,

(1) lim sup pz(€) /€% < 00
e—0
and we have the limit value
lim ,uk(;) = /\k,
e—0 €

where Ay is the k-th eigenvalue of the 4th order ODE system (limit equation)

| (L)
v | () ) KON L |y (1) era)
i/
< L (Hm%) - (mm% ¥ KM%) 0<r<l)
m(0) = m(0) = Z(0) = 0 i=1.2)
) = nill) = %(D =0 (i=1,2).



Special case: Straight cylinder

B={(21,2) €ER*| 27+ 25 < 1}, F = Identity map, Q= B x (0,/)

For this special case, it is easy to see

H=n K =0 A;=>60G74) (1<i,5<2)

4

The limit equation split into
( Y d477i

4 drt
< N3 = Oa

) = a0 =0, L= =0 (=12

An,i=0 (0<7<¥, 1=1,2),




Rough sketch of the proof of this special case

Transform the problem on €2(¢€) into that on €2 through the change of the variable.
Scale change (of variables): Q(¢) 2 x +— y € Q

Y1 =T1/€, Yo = Taf€, Y3 = T3
Ui(y) = (1/eur(x), Usly) = (1/e)ua(z), Us(y) = (1/€”)us(x)

()_1 8ui+6uj _1 8U¢+8Uj
it _2 6’xj 8:13@ _2 &yj &yz

(i) = 1 (({M@- +8u3) € (8UZ~ Jr(3(]3) 1<ij<3)

N 5 (9x3 85132 B 5 (9y3 ayz
e35(1) = Ous _ ,0Us
33 a dxs ; Y3
1 /oU; 0U. 1 /oU;, 0Us 0Us
Ey(U) = )| EalU) = 5  En(U)= 2"
i) 2 <(‘9yj i (?yZ) ’ () 2 (0y3 i 8y¢> (V) 0ys3



Inner product :
(U, V)= /(Ulvl + UsVa + €UsV3)dy
Q

Admissible space :
W={UecHQR)|U=0 on s}
Energy in € :

~

H€<U> = /Q{()\l(EH(U) + EQQ(U) -+ €2E33(U>)2
F2X0() B (U 4262 ) Eg(U) + €' Ess(U)*) by

1,7=1
Rayleigh quotient :

R(U) =H(U)/ / (U + U2 + €'U2) dy
Q



Max-Min principle (transformed)

pi(€) = Sup (inf{ée(u) lue W, u L, Z})
ZCL2(Q,R3),dimZ<k—1

Proposition 1.

pi(e) = O(€”)  (Vk €N)
These small eigenvalues correspond to Bending modes. The max-min principle for eigenvalues
applies for the proof.



(Sketch of the proof) Take test functions

dn(S) d77(8)

() — (1 () o ey iy o G A

() = (n(ys), 1" (ys) 3" (ys) = =g, = = ¥27g =)
such that 7758), nés) e H*((0,0)), 77:())3) € HY((0,£)) (s = 1) are linearly independent and satisfy
dn'® dn'®

L) =y =0 (i=1,2).

o) =T =0 (-1

and see B (T®) =0, Ez(Y®) =0 (i,5 =1,2).

Z=L.H|TO 1@ v®| W

pi(€) = sup inf{R.(¢) | e W, ¢ L, Z}
dimZ<k—1,ZCL2(2,R?)

To use the above formula, take any subspace Z C L*(Q,R?) with dimZ < k — 1. Since
dim Z < dim Z, there exist U € ZNZ*<, a vector (cy, ..., cx) = (ci(€), ..., cr(e)) € RF\{0}

such that
U= )T,

s=1



Substitute ¥ into 7%6(\11) and estimate the value with noticing that the estimate does not de-

pend on a choice (¢q, . . ., ¢ ), we get ﬁe(@) < C€?. The constant C can be taken independetly
of Z. Accordingly we conclude

we(e) £3CE (0 < e).



The proof consists of 2 parts.

(I) Convergence of the eigenfunction o) and characterization —s
Estimates of p,(€)/€* from below.

(IT) Construction of approximate eigenfunction —
Estimates of p,(€)/€* from above.



(I) Convergence of eigenfunctions

Weak formulation of the eigenvalue equation:

/ {)\1 (EH(U) + EQQ(U) + €2E33<U>) (En(V) + EQQ(V) + €2E33<V>)
Q

+ 2)\2 Z Ezy —1— 262 Z Ezg —|— € Egg(U)Egg(V) }dy

1,7=1
= ,u/ (€2U1V1 + €2U2V2 -+ €4U3‘/},> dy.
Q

for any V € W.

k—th eigenfunction:
oM (z) = (@(x), B (x), o) ()

€

Eigenfunction corresponding to the eigenvalue py(x) of (EP) in €(e). This is transformed to
Ue(k>(y) through the above change of variables.



2

/ {)\1 (EH(ng)) + En(UM) + €2E33<U€(k)>)
Q

2 2
+ 20 | Y E (UM 4262 E(UM)? + ¢ By (UM }dy
i,j=1 i=1

— o) [ (@R + VLR + S ULY) dy

Q
We can assume that
k k k ) )
IO 1220y + 1052 1220y + U5 1220) = 1 (Normalization)



Dl 3 IESUP) gy + 26 3 NB U gy + BT )

1,7=1 1=1,2

HU®) / (@02, + U2, + €U2,) dy
0

1A

= 1u(€) /(EQUiE — €2U227€ + E4U§,€> dy = O(€4>
Q
By the Korn inequality:

11 ams) = < Z |E5(U) 2y (U €W),

1,7=1

we obtain HU < Jde(k) (B 2 1) and He(p)},2; with e(p) | 0 as p — oo such that

oz

lim U) = 30" weakly in  H'(Q, R?)
P—00
lim U%) = U™ strongly in L*(Q,RY)

pooo  €(P)



Moreover we have

Put, for 7,5 =1, 2,

] 62

1
Ej(U"), ki =—E(UL),  riy = Ex(UL)

€

©.¢)

221 (but we use

and k;;(€) is bounded in L?*(Q) for each 4, j. Taking subsequence of {e(p)
the same notation)

lim mf}p) = Ik, weakly in L*(Q)) (14,5 <3), lim Hil () = A,
P—00 p—00 e(p)2



Using this notation, we have

L {Al(/ﬁ(l 2 + 52(2) + /‘33% )) (EH(V) + E22(v> + 6(p)2E33<V))

+2X Z% (V) + 2€(p Zng (V) + e(p)?rsl) Ess(V) }dy VeWw

1,7=1

= ti(e(p)) /Q (Ul(i)(p)vl * UQ(,]?(p)v2 * €<p>2Ui§i)(p)%’> dy

Let p — o0, get

2
/ )\1(:‘{11 -+ K929 + /€33> (En(V) -+ E22<v>) —+ 2)\2 Z liijEij(V) dy = 0.
Q =
1,7=1



Next V4 = 0, we see that Fa(V') = 0, and since k1o = Koy, it follows

0l

N\,

v, AV, v\
Alzﬁppayl + 22 </<311 L4 /<312a 1) pdy =0

L Y1 Y2
oVi oV, |
A 2\ — + 2 dy = 0.
/Q<\ 1;/€pp+ 2K 11 o, 2/41128y2 e ay

By integration by parts we obtain

0 0
_[2< — Alzﬁpp—FQ)\glin ‘/i+69y2(2>\2/£12>‘/1}dy0

[0 ’ 0
— / s — | M Z Kpp T 2XM0Kk11 | + a—y2 (2)\21{12> }%dy = 0.
Q



Due to the arbitrariness of V| we have

%, 3 %,
a—yl A1 pz; Kpp T 2 0Kk11 | + a—y2 (2)\2/%12> =0

in the distribution sense. Similarly, letting V7 = 0 we also deduce that

Vs ’ Vs
2\ — A 2\ — >dy =0
/Q { (2A2K12) o, =+ 1 pzl Kpp T 2A2K29 @yg} Y ;

3
— (2)\2612> +— 1 N Z Rpp + 2Xok99 | = 0.
p=1
We write
3
1 = )\1 Z Rpp + 2)\2/{11, 9 = 2)\2/’612,

p=1

3
B1 = 2 k12, B2 = N\ Z Kpp + 2A2K22.

p=1



o [ (a6 a2
— 4+ dy = 0, — 07
/ (041 90, 8%, Dy Y Br=— 91, + B2 91

Oy _ _Oaz 0P 0P

Oy1 dy2” Oy Oys

For every ¢ € H(€)) with ¢ = 0 on s, we have

00 00 B ¢ ¢ B
/ <@15’—y1 i OQ(?yz) =0, / (ﬁlé‘m P Z/z) =0

Fact : There exist functions hy, ho € L*(Q) such that Py ¢ L*(Q) for 1 < j,p <2 and

J

Ohs
627 ay2 51‘

%—_@ ahl_a (9h2__
o1 > Oy2 b 0y

Moreover, hy, hy take values on the boundary and hy, | so € L*(ss) for p =1, 2.



— B —ay =0
ayl (9y2 51 X2 ’
ah& 8hQ 3
ayz _ ayl = ] t+ 52 — 2>\1 pz:; Rpp + 2)\2(/{11 -+ /{22).
Let us write
ahl (9h2
Q= Oh
ayQ ayl

3 3
Q=21X\N Z Kpp T )\2</€11 -+ /€22> =2 ()\1 -+ )\2) Z Kpp — AoK33

p=1 p=1

3
)\1@ = 2 )\1()\1 + )\2) Z Rpp — )\1)\2/‘633

p=l1

3
MQ + 2)\2<3)\1 -+ 2)\2>/€33 = 2()\1 + )\2) A1 Z Kpp T 2M\9K33

p=1



Eventually, we obtain

Al Ao(3A1 + 2)o)

3
= A 2\ .
2()\1 -+ )\2)@ * A1+ Ao 33 ! pz:; fipp + £A2Ks3

Try one more test function V' = (V4, V4, V3) € W where

d d
Vily) = pi(ys), Valy) = pa(y3), wvsly) = p3(ys) — T Y
dy3 dyzs
with p1, p2 € H*((0,4)), p3 € H'((0,£)) and
. dp; dp; .
(0)=pi(D)=0 (i=1,2.3), 0)= =0 (i=1,2)
pl0) = p) =0 (=123, L0 =0 =0 (1=12)

It is easy to see E;;(V) =0, Eg(V)=0for1 <4,j < 2.

3
/ A1 Z Kpp T 2A9K33 E33<V>dy =3V’ /
Q

p=1 {2

A )\2(3)\1 + 2)\2) ~ / (") )
Eas(V)dy = A (U U )d |
/Q (2()\1 + )\2>Q " A+ Ao figg | Eiss(V)dy k o 1 p1TUy "p2)ay

(Uf“ o1+ UP ,02) dy.




Note

and

- Qdy' =0,  Qudy' =0 (1=
Q(ys) Q(ys)
Using these facts, we see that

Q

Ao(3A1 + 2A ~
/ 2(3h 2>/<;33E33(V)dy = Ay /( ) (Ul(k)pl + U2(k>p2) dy.
0 F(S

A1+ A

A2 (3A142N9)
A+

Young modulus Y = appear here.



Here we compute k33. From E;;(U) =0, Eg(U) =0 (1 = 14,5 < 2),
k .
0 () = =€ s+ 0 ws), - U ) = €ws)yn + 0 (ws) (1= 1,2)

From the boundary condition, we get

k k k k k k
UP ) =0 s), UP @) =0 s), U ) =0l (ys) — s

/Y anf) ol (% B 2d2ﬂ2> "
Q dys dy3 dy% dys dyg dy3
= Ay / (n§ \p1 + nék)pz) dy.
Q

for any test functions p, po, p3 (b.c. on y3 =0, ¢).



nék) = 0 and for ¢ = 1, 2, we have

(1
Yidin " gm0 _
4 dy;

and the boundary condition

k
1(0) = (dnf® Jdys)(0) = 0, n"(0) = (dn” /dys)() = 0.
Take the system of the eigenvalues { Ay}, of

(O<y3<€>

?

(
Vg <
n7(0) = (dn™ fdys) (0) = 0, M () = (dn? fdys)(0) = 0.

We have A, = Ay (k= 1).



(IT) To prove the converse inequality Ay < Ay, we estimate ju(€) /€2 from above, with the aid
of more precise test function. Take the corresponding eigenfunction

k) (k k k
Oly) = (1", —n(dn” fdr)(ys) — weldn” /dr)(ys))
of (LEP). N
By this function, we try the following test function in the functional R,.

Ocly) = (" m”, =y fdr) (ys) — eldni® Jdr) (ys)) + (€61(y), *baly). d5(y)).
Put N = dns/dys — yl(d%y{) /dy3) — yg(d%ék) /dy3) and calculate

2
0 0 0 2
fQ ()\1 (62% —+ 62% -+ €2N -+ 63—8(53) + 2>\2 (Zi,jzl 64E@'j<¢>2)) dy

Re(@e) — . " - "
fQ (€2<771 + €2¢1)? + €2(ny + €292)? + (3 — y1g—§3 — yzg—; + €¢3>2) dy
V(9252 1 (208 4 26 Lt (N o 2\ g
fQ) 2 2 2€ ZiZI 1 (6 Y3 + 63_%) + € ( + 68—%) Yy
_|_

o ® '
Ja (62(771 +€201)% + (1 + €202) + €43 — Y177 — Yorg T €da)? | dy



dy1 )

() (k) 2
. Jo M (%1 + 2 +N) dy
lim = R.(O,) =

2 k k
0 € Jo (™2 + (n5)2)dy
2
Jo 22 (Z?,jzl Eij(¢)* 43 Z?:l ((?9(52-) + NQ) dy
+ )

Jom)? + (")) dy
We want to make the right hand side value as lower as possible. Seek for (¢, ¢o, ¢3) in the
following form

2 2
Gily) =Y Ay, + > By, (i=1,2),
p,q=1 p=1

P3(y) = 0
(4)

where ay,; and ﬁ]@ depend only on y3 determined in next page.



R TR/ AT B VRN 7! TN B VI 1

1
oy = - Qg = — , = —=
Hdn g dy2 T AN+ N dy? = AN+ Xy dys
()

S D Y= SN B VR o 1N dnb

8 = —— e — —
W e d2 2 T g 2 TR T I N dy
B =0, 57 =0

and accordingly

1oy (P, d*n)”
S 4oL —
o1(y) ISV ( w Y1 02 Y1Y2 02 y5 |,
1 )\1 d277§k) 9 d277§k) d2n§k) 2
= - — +9

¢3(y) = 0.



We calculate and estimate limsup, o Re(6,)/€2 with Max-Min principle argument and get
eventually

~

A S Ay
This result concludes the proof of
lim Mké@ — Ak
e—0 €
See S.J., A. Rodriguez Mulet [14] for the details of proof for general cases.




§3. Middle eigenvalues - Stretching, Torsion mode

We study the eigenvalues which are away from zero.

a = a(x3) : C®— positive function in [0, /]

2

Qule) = {(x1, 29, 73) ER? |0 < 3 < £, 2% + 25 < *alx3)
[o1(e) ={x € 0Q(€) | 23 =0o0rl}
[uo(e) = {x € 0Q(e) | 0 < 3 < £}

FIGURE 4. Example of Q,(¢)



Eigenvalue problem

L]+ pd=0 in Qe
(EP) =0 on I'i,(e
g(®)y =0 on I'9,(€)

We can deal with solutions of special type due to the axissymmetry of the domain.

_x210(87x3> $1X<S,ZC3>
@([lﬁ) — .I'1IO<S,I'3> + $2X<S,$3>
0 7(s, x3)

where s = (23 + 23)/2.

Idea : Let X(e) = L2(Qq4(e); R3) be the subspace generated by the above functions. Due to
the symmetry of the domain, this subspace is invariant w.r.t. the operator L.

{ter.al€)}72, : eigenvalues of (EP) in X(€) <= how to detect !



Theorem (S.J., A. Rodriguez Mulet). There exist subclasses of eigenvalues { ,uf)a(e)}zozl
and {p ,(€)}72, such that
(1) . |
Fha = 112% piq(€)  (exists)
pE =l (0) (exists)
(i1) qu;,a agrees to the k—the eigenvalue of the ODE eigenvalue problem

d d
a-L (a(y3)4—p>+ua(ys)4p=0 O<y<0),  p0)=0, p(t)=0
dy3 dy3

(iii) ,ui , agrees to the k—the eigenvalue of the ODE eigenvalue problem

Yi (a(yg)Qd—T) +palys)’ =0 (0<yz3<¥), 7(0) =0, 7()=0



ZTDOMmDOMEY IR

S.J, E. Ushikoshi, H. Yoshihara, Asymptotic behavior of the eigenfrequencies of a thin elastic
rod with non-uniform cross-section for non-isotropic shrinking, preprint, 23#% 5.

B DS— B A D R T W BEAIZ Y 57502 WiH (NS 2 WOLES) B 2
KL 2y HEOBUND I — R — 75 (7 22 N HLAMEER). vk 0D 4E A LA ]

a>0F>0:NTA—X
3, T1 T3
Q(e) = {(CBl,CCQ,CEg) cR | €2O‘+625 <1, 0< 3 <€}

v, HENWZHIT R H BT — RB—F/NI W T ADEGHEIZHYLET 5.
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