ELEREDNDIFEREDREK I

Takasi Senba (Fukuoka University, Japan)
Based on the paper by Mizoguchi-S. (2007)

@ TEKRY L2 Fvy—32U—X 2022/05/14-15/

-p. 1/33



Our system and situation

-

ug =V - (Vu —uVo) in RY x [0,7),
(PE)S 0=Av+uinRY x[0,7T),
u(+,0) = ug In €.

o N > 3. up>0Isradial. ||ugl/cc1 < 00, Where

| Flloon = sup (1+ [*)|f ()]
reRN

o 11" > (0 S.t.
( Jiu € C([0,T) : L3°),u is positive and radial,
X

Vou(z,t) = / u(Z,t)dz.
wN|ZIN S 7)<l

o



Our system and situation

N N

e We say that a solution to (PE) blowsup att =T, ifuis
bounded in R for t € (0,T), and satisfies

lim sup wu(z,t) = occ.

e We say that a solution « to (PE) is a
(backward) self-similar solution, if there exist a function = in

R" and a positive constant T" satisfying

w(z t) = Tl_ta< Tx_t)

Then, we say that @ is a profile function.

o |
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Our system and situation

-

fWe say that the blowup is of Type | and Type I, if a
solution u to (PE) blowing up at 7" € (0, co) satisfies

limsup(T — t)sup u(x,t) < oo and = oo, respectively.
t /T reRN

In the case where N > 3,

. . 2
a(z) = S8N(N —2)+4(N é)\x\
2(N —2) + |z
Is a profile function. Then, for T > 0

u(x,t) =ulz//T —1t)/(T —t) is a self-similar solution
satisfying the following.

o |
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Our system and situation

-

o lim (T'—1t) sup u(x,t) = sup u(z).
=00 rERN rERN

lim w(z, ) = lim — zI* _ (]
® 111l U\T — 111 ——7 - u
t—T t—T |x|? \T —1t T —t

_ 4(]‘\;‘_2 D loc. unif. in RV \ {0}.




Our system and situation

fTheorem 1 (Mizoguchi-S.,;07)
Let N>11 and v={-(N+2) + /(N—10)(N -2} /4.
For0 < T <« 1andVJ > 2, there exists a positive and

radial solution u to (PE) exhibiting Type |l blowup at T'.
Moreover, the solution « satisfies

lim (T — t) —J/v+ 1) sup u(z,t) € (0,00),
t—T rcRN

u(z, T) = O(1/|z|*) as |z| — 0.
e J>2, ve|-5/2 -2),
J/(v+1) < —4/3| (Type Il blowup)

o |
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Proof of Theorem 1 ~ Rescaling ~

. N

or a radial solution u, putting

1
M(r,t) = N/|| u(x,t)de,
z|<r

WNT

Uy, 7) = (T =t)M(r,t), y=r/VT—t,

T=—log(T —1t), 79=—logT,

It holds that

N+1 gy
M(¥) = \I’T_\I’yy_<7_§>qjy

+0 — U (yU, + NU).

L# We can use the comparison theorem. J



Proof of Theorem 1 ~ Rescaling ~

-

Putting ¥ (y) = 2/y?2, it holds M(2/y?) = 0.
Then, ¥, Is a singular stationary solution.

MEI) = @)~ @l - (P - 2 e
+2/y%) — (2/y*) {y(2/y*)y + N(2/y°)}
-~ - (- Y) Cand
+(2/y°) —{N — 2} (4/y")
= 0.



Proof of Theorem 1 ~ Rescaling ~
fPu’[ting o=V — VU, ¢ satisfies T
N(¢) — ¢T‘|‘A¢_F('a¢)s
Ap = —6y — (22— §) 0y + 0 — 1050,
F(y,¢) = N¢? + yd,.
In fact,

M(¢+\IJOO) — (¢+\Ijoo)7'_(¢‘|‘qjoo)yy_ (%_%> (¢+\Ijoo)y

(O + Vo) = (¢ + Voo) {y(¢ + Voo)y + N(¢+ Vo) }
— M(¢) T M(\Ijoo)

—Voo {ydy + Not — 0{y(Voo)y + NVco)}

= MO -2e - e - a0+ Rl N




Proof of Theorem 1 ~ Rescaling ~

F_. - N

A Is self-adjoint in
2 = {S e BB SIP = 3 1F W)y N+Be—y2/4dx<oo}.

In faCt, Agb = —gbyy — (M — _> be =+ Cb — 1)¢5
(A, 1) — /0 (cbywy NP (Ny : )gbw) yN+Se—y2/4dy.

The eigen values and eigen functions are
N2 =1{1+1+v}i2, and
{ei(y)} = {CJ?J%L?( ?/4)}, respectively.

Here L% Is an associated Laguerre polynomial with
L%¥(0) > 0, and ¢; is determined so that ||¢;|| = 1.

o |
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Strategy of proof
- -

#XNi=j+1+v>0 (j>2)
Infact, N > 11 and v = {—(N +2) + /(N — 10)(N — 2)}/4.

—(N +2)?2 + (N — 10)(N — 2)
4{(N +2) + /(N = 10)(N —2)}

—16NN + 16
— + » —2 as N — oo.

4{(N +2) + /(N —10)(N - 2)}

| /g —

VIN=11 = —5R2<r<-2= V| N=co-
eletJ>2,n=X\;/(—2v—1), 79> 1,
0<(1/2)—o <1, K> 1.
vy =limy 0y % (y) =c;L5(0) >0.

o |



Strategy of proof
-

e We divide [0, c0) into three regions;

Inner region [0, Ke™"7].

Middle region [Ke™"",e%7].

Outer region [e7, 00).

e In the middle region, by choosing suitable Fourier

coefficients dy, dy, - - -, dj_1, we construct suitable initial
function ¥ (y, 79) such that

J—1 or
Po(y) = V(y,70) = Poo(y) + ijo djpj —e Mo,
Uy, 7) — Uooly) = O(l)e_AJTngJ as v — oo.

e In the inner region and the outer region, by using the
subsolution and the supersolution, we control the solution.

o |
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Initial function YV

Uo(Initial Function)

..\
O —
L Y

Llnmer region

Middel region

- Y
Outer regiorﬁ
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Inner region
fo Stationary solution.

Let v = v(r, £) be the solution to the following problem;

N —1 .
v =€, u=-¢e" In (0,0)
-

with v(0,¢) = ¢ > 0 and v,.(0, £) = 0.

_UTT —

Then, (u,v) = (e*9 v(-,¢)) be a stationary solution, since
0=Au—Vu-Vv=V-uV(logu—wv)and 0 = Av + u,

e Properties in the case where N > 11.

If 0 < ¢4 < /9, then the solutions v; whose initial data
?)7;(0) — ¥, Satisfy v1 < U9 N [O, OO)

2N — 2)
7“2

~ with some 7 > 0.

u(r,l) = — 0201 4 6(1))r? as r — o

-

|
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Inner region

o N

# Singular stationary solution.

(Uoos Voo ) = (2(IN — 2)/r?, —2log ) is a singular stationary
solution to the original system.

Uoo(r) =2/r? =1 [T us(€)EN ~1d¢ is a singular stationary
solution to M (V) = 0.

elet) < e« 1. We chose /4 and /¢, with 0 < /1 < ¢ such
that

2N — 2)

ur(y) = uly, &) = —5— — ( +3e)(1 + o(1))y*
2N — 2
wr(y) = uly,02) = 2572 (3 3)(1 + o(1))
asS y — Q.
LHel’e, wi(y) ~ vy asy ~ Ke "™ ~0and 7> 1. J
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Inner region

N N

elety=02v+1)/2v+2)>1.(0<ex 1, K>1,
n=As/(—2v—1)>0.) We define ¥,,;, and ¥, as the
following;

20+2 e X Y N-1
Vsl 7) = (1 e 2 Es [ 96,
0

Sytd —pr 62x777 €X77Ty v
0

Then, the following hold in the inner region;

0 < \Ijsub < \Ijsup;
M(Wgup) < 0and M(Ugy,,) > 0.

o |
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Inner region
f. Inner region: [0, Ke |, 7 > 1> 1 T

\Ijsub(ya 7_) < \Ijsup(ya 7_)-
V.. 1S @ subsolution to M(¥) = 0.
WU IS @ supersolution to M () = 0.

Uup (Y, T) > Woo(y) — (77 — 2e)e” M Ty fory = O(e™"7),
Vo (y, 7) < Woo(y) — (vg + 28)eMTy?" for y = O(e™"7).

Then, we define the initial function

Wo(y) = 07V sup(y, 70) + (1 — 07) Ysup(y, 7o) With 67 € (0,1)
such that ¥ is continuous at the boundary between the
iInner region and the middle region.

o |
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Initial function YV

Ugup = Voo —e M [y — 2e(y? 322 ~2)] N

(yZV_I_yQ)\J—Z)]

~
Yo, 0
-

..... ~.
e —-

3
“a,
~
N

Uo(Initial Function)

..\
o —
L Y

Llrnner region

Middel region

- Y
Outer regiorﬁ
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Outer region

N N

e Usp(y) =4/[2(N — 2) + y?] satisfies M(¥gg) = 0.
U gp corresponds to the backward self-similar solution.

| T
u(x,t):T_tu< T—t>’
SN(N —2) +4(N — 1)|z|*

2(N —2) + |2/
e Quter region: [e?7, ), T > 7.

u(xr) =

~ 2+ ¢ : :

Uoup = 0 Vg IS a supersolution.

N N — 2 :
Ueop = Uso — 25? exp ( - (672970 6_2UT]> IS a

subsolution.

o |
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Outer region
f. Outer region: [e°7,00), T > 7. T
[1—€]Puc(y) < Waun(y, 7) < [1 = (/4)] o (),
1+ (e/4)]|¥(y) < @Sup(y,T) < |14+ ¢€|Vs(y).
Then, we define the initial function
Uo(y) = 00V sun(y, 70) + (1 — 00)Ysup(y, 0), Where 6 € (0, 1)

such that ¥ Is continuous at the boundary between the
middle region and the outer region.

o |
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Initial function YV

Uo(Initial Function)

..\
O —
L Y

Llrnner region

Middel region

- Y
Outer regiorﬁ

—p.21/33



Middel region
R o -

e Middel reglon [Ke ”T,e“ |, 7> 10

Po(y) = Voo + Z djp; —e M7y,
Z}]:_ol d;| < ebre” )‘JTO.

J1 0, (v)] -
0h = {Z]’:O (Sup0<y<oo Y2V 42T~ 2) T 1} '
Wo(y) — Voo(y) + vy~ M0y
< ee Moy fory = O(e~"70).

Wo(y) — Pooly)| < O(1)eAIT0y2Mry 2
< Ce—(1—2a)>\no\p ( ) (5/4)\11 (y) fOI’y:O(e_‘m’)-
X ps(y) = Oy*—2) for y > 1.
X w0y )ijy2”f0r0<y<<1

{di}i5 07,00} Wo(+;d). -

unique unique
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Initial function YV

Ugup = Woo —e~ M [ — 2e(y? +y2M ~2)] .

Q~~
L 4

Uo(Initial Function)

"~ ‘/'/\Ij‘%_e—xm/ [gpji;(yQV_i_yQ)\J—Q)}

'
a

o —e AT [goj +2/>(‘y?¥4y2)‘=f‘?\

-~
.\.
-~
= -
— -

3
“a,
~
N

L J
~
~
" n

~
.\.
-
~a
— -

Llrnner region

Middel region

- Y
Outer regiorﬁ
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Mapping P on Fourier coefficients

. N

A(1g,71;0) = {h e C(lro, n1]; L (R4)) :

or 1 > 1 and d € (0, 1], we define

h(y,7) = Voo(y) + €05 (y)]
< ege—AJT (y2V 4 y2)\J—2)

fory e [Ke ", e°7] and 7 € [70,71]}.

If a solution ¥ € A(ry, 1;0), for 7 € [ry, 71| ¥ satisfies

Vo <V < \Ifsup In the inner region,
U < U < \Ifsup In the outer region.

o |

—p. 24/33



Mapping P on Fourier coefficients

-

fWe define
Z/[(T(),Tl) = {d: (do,dl,--- ,dj_l) - RJ :

U e A(ry,71,1) with U(-, 1) = \Ifo(-;d)}.

We define
P(d; ’70771) = (po,p1, -+ ,pj—1) @S p; = (¥ (-, 71) — Yoo, ;)

(7=0,1-- )
where \If ( d),

(f,9) / fy N+36_y2/4dx.

o |



The way todecide d ~ J =2 ~
f U, 7)— ¥y T

Stable manifeld )
()\() <A < Ou)

_A
- \\
~
/‘ ~
- <
- ~
~
~
~
~
~
~
~
~
~
~
N
~
/\

(P2, 03, )
0< A< A3 <--+)



The way todecide d ~ J =2 ~
-

e d Is determined so that ¥ € A(r, c0; 1).
Then,
- the orbit {¥ -V} is on the stable manifold.

. the main term of U — U, is e =27 s.

o |
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Properties P and U/
-

the following holds.

o lLetr > . If d € U(ry, ) satisties P(d; my, 1) =0,
U e A(r,11,0) for some 6 € (0, 1).[Main estimate]
We use the estimate on A(my, 1, 0) and the following form;

G m) = [ K (6= m)ote s
Then, the solution ¢ to ¢, + A¢p — F'(¢) = 0 satisfies

oy, m) = [e” T ™) (y, 0) + / AR (&(y, 5))ds

70

o |
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Properties P and U/
L -

ere,

N N+4)/2
exp (70) &
K(y.&.0) = 2(1 — e 0) y(N+2)/2

oy (N e~y
p 4(1 L 6_9) (N+4l/—|—2)/2 2(1 L 6_9)




Properties P and U/
-

o Let 71 > 79. Suppose U(my, 1) # 0, then
deg(P(-;719,71),0,U(10,71)) = 1.

In fact, we assume P(d; 1y, 7) = 0 with some d € oU (1y, 1)
and 7 € |79, 11].

The main estimate leads us to d € U(my, 71). It contradicts.
nen, P(OU(1y,7);70,7) # 0for 7 € [m, m1].

nen,

deg(P(-;719,71),0,U (10, 71)) = deg(P(-;19,70),0,U(T0,70)) = 1.

-

e For r > 79, U(1p, 1) # 0.
Suppose 7 = sup{r > 19 : U(79,7) # 0} < oc.
Ad* € U(m9, 7*) such that P(d*, g, 7") = 0.
Then, the main estimates ensures d € U(m, 7,7*) and
LZ/I(TO, T, 7* +¢) # () with some ¢ > 0. It contradicts. J
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Proof of A(7, 00 : 1) # ()
-

fLet T, = 70 + n. Then, it holds that /(ry, 7,,) # () and that
deg(P(+;70,7Tn), 0,U(10,Tn)) = 1.
There exists d,, € U(y, 7,) satistying
P(dn; 0, 1) = 0.
Then, it holds that ¥(-, -:d,) € A(m, m1;6,) wWith some
0, € (0,1).
By taking a subsequence, we have d* = lim,, . d,.
Then, there exists U(-,-: d*) € A(mp,00: 1).

o |
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Proof of A(7, 00 : 1) # ()

. N

orr >, ¥ =VY(,-d*) satisfies the followings.

o|U(y,7;d*) — Uoo(y) + e M (y)
< 9€€—>\JT (y21/ 4 y2)\J—2)

fory € [Ke ", e"] and € [r, 1],

oV (-, T) < V(7)< Ugyp(-, 7)
in [0, Ke 7],

o(1 —2e)Woo < U(-,7) < (14 26)Vq

In 77, 00).

o |
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Estimates of «

-

\Ijsub(yaT) < \If(y,T) < \Ijsup(yaT)-

U(y,7) = N fo §N Ld¢ < Wsup (Y, 7),
where z(y T) = (T — t)u(x, ).

U0, 7), Ve (0,7) = O(eM7/ (= =1),
2(0,7) = O(eM7/(=v=1)y,

u(0,t) = O((T — )7/ (v 1))
(J/(v+1) < —=2J/3 for J > 2).

o



	  
	Our system and situation
	Our system and situation
	Our system and situation
	Our system and situation
	Our system and situation
	Proof of Theorem 1 $sim $ Rescaling $sim $
	Proof of Theorem 1 $sim $ Rescaling $sim $
	Proof of Theorem 1 $sim $ Rescaling $sim $
	Proof of Theorem 1 $sim $ Rescaling $sim $
	Strategy of proof
	Strategy of proof
	Initial function $Psi _0$
	Inner region
	Inner region
	Inner region
	Inner region
	Initial function $Psi _0$
	Outer region
	Outer region
	Initial function $Psi _0$
	Middel region
	Initial function $Psi _0$
	Mapping $P$ on Fourier coefficients
	Mapping $P$ on Fourier coefficients
	The way to decide $d$ $sim $ $J=2$ $sim $
	The way to decide $d$ $sim $ $J=2$ $sim $
	Properties $P$ and $mathcal {U}$
	Properties $P$ and $mathcal {U}$
	Properties $P$ and $mathcal {U}$
	Proof of $mathcal {A}(	au _0, infty :1)

ot = emptyset $
	Proof of $mathcal {A}(	au _0, infty :1)

ot = emptyset $
	Estimates of $u$

