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(J0 2
m=1.9
0.2
1_
0.1
07045 09 1.9] % 0.5
0 1 2
m-1 1 m

N ‘



rgZWXX +W (W —1)(\7 +1-W) =0,

NZTE
Wx (O) :Wx (1) = O, _
(SLPRw(x) > 0, 7 5045 & 0 DR
.[(?W(X)dx+\7:m' ) m=1.9 V 5045 &0

m=1.9

0 0.5




(&* - / — — 7 =
W, +WW -1V +1-W) =0, RETE
W, (0) =W, (1) =0, i

(SLPhw(x)> 0 V 51.9, 2 50 ORAR
jW(x)dx+V m. ) m=1.9 V519 £—0

m=1.9
0.2
‘l_
0.1
0-1545 09 1.0] % 05
0 1 2 3

m-1 m-1 m

N ‘



& - / — — ==
W, +WW -1V +1-W) =0, AT
W, (0) =W, (1) =0,

BLPhw (9 >0, V —>1.9,6% — 0 OFAR
J‘W(x)dx+v m. ) m=1.9 V=1.68 &=0.087856

m=1.9
0.2
1_
0.1
0045 09 1.9] % 0.5
0 1 2 3

m-1 1 m

N ‘



& - / — — ==
W, +WW -1V +1-W) =0, AT
W, (0) =W, (1) =0,

BLPhw (9 >0, V —>1.9,6% — 0 OFAR
J‘W(x)dx+v m. ) m=1.9 V=1.60 &£=0.115712

m=1.9
0.2
1_
0.1
0045 09 1.9] % 0.5
0 1 2 3

m-1 1 m

N ‘



& - / — — ==
W, +WW -1V +1-W) =0, AT
W, (0) =W, (1) =0,

BLPhw (9 >0, V —>1.9,6% — 0 OFAR
J‘W(x)dx+v m. ) m=1.9 V=1.40 £=0.173541

m=1.9
0.2
1_
0.1
0045 09 1.9] % 0.5
0 1 2 3

m-1 1 m

N ‘



& - / — — ==
W, +WW -1V +1-W) =0, AT
W, (0) =W, (1) =0,

BLPhw (9 >0, V —>1.9,6% — 0 OFAR
J‘W(x)dx+v m. ) m=1.9 V=1.30 &£=0.194399

m=1.9
0.2
1_
0.1
0045 09 1.9] % 0.5
0 1 2 3

m-1 1 m

N ‘



& - / — — ==
W, +WW -1V +1-W) =0, AT
W, (0) =W, (1) =0,

BLPhw (9 >0, V —>1.9,6% — 0 OFAR
J‘W(x)dx+v m. ) m=1.9 V=1.20 &£=0.207529

m=1.9
0.2
1_
0.1
0045 09 1.9] % 0.5
0 1 2 3

m-1 1 m

N ‘



(W, +WMW -1V +1-W) =0, 2
W, (0) =W, (@) =0,

BLPhw (9 >0, V —>1.9,6% — 0 OFAR
J‘W(x)dx+v m. ) m=1.9 V=1.14 £=0.210021

m=1.9
0.2
‘l_
0.1
0045 09 1.9] % 0.5
0 1 2 3

m-1 1 m

N ‘



(W, +WMW -1V +1-W) =0, 2
W, (0) =W, (@) =0,
BLPhw (>0, V 1 & —0 DA
J‘lW(x)dx+\7:m_ m=1.9 V=1.12 £=0.209526
(J0 2
m=1.9
0.2
‘l_
0.1
0045 09 1.9] % 0.5
0 1 2
m-1 1 m

N ‘



(W, +WMW -1V +1-W) =0, 2
W, (0) =W, (@) =0,

SLPhw (x>0, V 1 & —0 DA
J‘lW(x)dx+\7:m_ m=1.9 V=1.10 £=0.208105
(J0 2

m=1.9
0.2
‘l_
0.1
0045 09 1.9] % 0.5
0 1 2 3

m-1 1 m



(W, +WMW -1V +1-W) =0, 2
W, (0) =W, (1) =0,

(SLP)<W’(X) >0, V o1, &° -0 DR
J‘1W(x)dx+\7:m. , m=1.9 V=1.01 &=0.164945
LJ0 .

m=1.9
0.2
1,
0.1
0045 09 1.9] % 0.5
0 1 2 3

m=1 m



(W, +WMW -1V +1-W) =0,
W, (0) =W, (1) =0,

(SLP)<W,(X) -0,

[ W(x)dx+V =m.

m=1.9

Z1E
V 51 g2 =0 DR

m=1.9 V=1.00007 &£=0.100341

0.2
‘l_
0.1
01025 09 1.0] % 0.5
0 1 2
m-1 m



(W, +WMW -1V +1-W) =0, e
W, (0) =W, (1) =0,
(SLP}w(x) > 0 V 51 &2 >0 DR
'[;W(X)dx+\7:m_ ) m=1.9 V 51&—0
m=1.9
0.2
‘l_
0.1
0~ 525 0.9T(\1.'9I % .55
0 1 2







(SLP X

(W, +WMW -1V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

AEZTE

V =1 &°—0 DR

m=2 V=1 &=0.318310




(SLP X

(W, +WMW -1V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

AEZTE

V =1 &°—0 DR

m=2 V=1 &=0.308310




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

AEZTE

V =1 &°—0 DR

m=2 V=1 &=0.268310




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

AEZTE

V =1 &°—0 DR

m=2 V=1 &=0.258310




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

ZIE

V =1 &°—0 DR

m=2 V=1 &=0.235299809

0.5 I |
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(W, +W W —1)(V +1-W) =0,

ZTE
W, (0) =W, (1) =0, ~
(SLPhwi(x) >0, V=1 &—0 DRk
J‘1W(x) dx +V =m. m=2 V=1 &£=0.208310
Jo 2.
m=2
0.2
'I_
0.1
/(;-\,
0 0.5 | | % 0.5
0 1 2 3



(W, +W W —1)(V +1-W) =0,

ZTE
W, (0) =W, (1) =0, ~
(SLPhwi(x) >0, V=1 &—0 DRk
J‘1W(x) dx +V =m. m=2 V=1 &£=0.188310
Jo 2.
m=2
0.2
'I_
0.1
/(;-\,
0 0.5 | | % 0.5
0 1 2 3



(W, +W W —1)(V +1-W) =0,

ZTE
W, (0) =W, (1) =0, ~
(SLPhwi(x) >0, V=1 &—0 DRk
J‘1W(x)dx+\7=m. m=2 V=1 &£=0.118310
Jo 2.
m=2
0.2
'I_
0.1
/(:\,
0 0.5 | | % 0.5
0 1 2 3



(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

ZIE

V =1 &°—0 DR

m=2 V=1 &=0.048310

0.5



(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

ZIE

V =1 &°—0 DR

m=2 V=1 &0

0.2
0.1
0 05 T | | 0.5
0 1 2 3



(SLP X

(W, +WMW -1V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

NETE
V 52 &20 DOFEIR

m=2 V=1 &=0.318310




(SLP X

(W, +WMW -1V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

NETE
V 52 &20 DOFEIR

m=2 V=1 &=0.308310




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

NETE
V 52 &20 DOFEIR

m=2 V=1 &=0.268310




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

NETE
V 52 &20 DOFEIR

m=2 V=1 &=0.258310




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

ZE
V 52 &20 DOFEIR

m=2 V=1 &=0.235299809

0.5 I |

0 0.5 1

2 IR R



(SLP X

(W, +WMW -1V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

ZE
V 52 &20 DOFEIR

m=2 V=1.01 &=0.236421

0.5 I |




(SLP X

(W, +WMW -1V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

ZE
V 52 &20 DOFEIR

m=2 V=1.07 &=0.240901

0.5 I |




(W, +WMW -1V +1-W) =0,
W, (0) =W, (1) =0,

ZIE

BLPhw (>0, V =2, £ — 0 OFAR

J‘1W(x)dx+\7:m. m=2 V=1.11 &=0.241856

(J0 2

m=2
0.2
'I_
0.1
0 0.5 | % 0.5
0 1 2 3



(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

NETE
V 52 &20 DOFEIR

m=2 V=1.17 &=0.240456

0.5 I |




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

NETE
V 52 &20 DOFEIR

m=2 V=1.28 £=0.229887

0.5 I |




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

NETE
V 52 &20 DOFEIR

m=2 V=1.40 &=0.208247

0.5 I |




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

AEZTE

V 52 &20 DOFEIR

m=2 V=1.51 &=0.180940

0.5 I |
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(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

AEZTE

V 52 &20 DOFEIR

m=2 V=1.60 &=0.154282

0.5 I |
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(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

AEZTE

V 52 &20 DOFEIR

m=2 V=1.70 &=0.120790

0.5 I |
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(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

AEZTE

V 52 &20 DOFEIR

m=2 V=1.78 £=0.091382

0.5 I |
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(SLP X

(W, +W W —1)(V +1-W) =0,

W, (0) =W (1) =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

ARN

NETE
V 52 &20 DOFEIR

m=2 V 52 £¢-50

0.5




(SLP X

(W, +WMW -1V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

NEE
V 505 &% — 0 OFZIR

m=2 V=1 &=0.318310




(SLP X

(W, +WMW -1V +1-W) =0,

W, (0) =W (1) =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

NEE
V 505 &% — 0 OFZIR

m=2 V=1 &=0.308310




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

NEE
V 505 &% — 0 OFZIR

m=2 V=1 &=0.268310




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

[ W(x)dx+V =m.

m=_2

NEE
V 505 &% — 0 OFZIR

m=2 V=1 &=0.258310




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

ZE
V 505 g2 — 0 OFEIR

m=2 V=1 &=0.235299809

0.5 I |
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(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

NEE
V 505 &% — 0 OFZIR

m=2 V=0.99 £=0.234067

0.5 I |




(W, +W W —1)(V +1-W) =0,

ANEZTE
W, (0) =W, (1) =0, ~
BLPhw (>0, V =05, &2 — 0 DA
I1W(x)dx +V =m. m=2 V=0.95 &=0.227991
o 2-
m=2
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'I_
0.1
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(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

NEE
V 505 &% — 0 OFZIR

m=2 V=0.90 &=0.217674

0.5 I |




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

NEE
V 505 &% — 0 OFZIR

m=2 V=0.80 &=0.186981

0.5 I |




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

NEE
V 505 &% — 0 OFZIR

m=2 V=0.70 &=0.141242

0.5 I |




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

NEE
V 505 &% — 0 OFZIR

m=2 V=0.65 &=0.112382

0.5 I |




(SLP X

(W, +WMW -1V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

NEE
V 505 &% — 0 OFZIR

m=2 V=0.60 &=0.079425

0.5 I |




(SLP X

(W, +W W —1)(V +1-W) =0,
W, (0) =W, () =0,
W'(x) >0,

0.2

0.1

[ W(x)dx+V =m.

m=_2

NEE
V 505 &% — 0 OFZIR

m=2 V=0.56 &=0.049951

0.5 I |




(W, +W W —1)(V +1-W) =0,
W, (0) =W, (1) =0,

AEZTE

(SLP)<W'(X) >0, V — 0.5, £2 — 0 OFZIA
J‘OlW(X)dX-I-\7=m. m=2 V —>0.5 ¢ >0
m=2
0.2
0.1
0 05 I | 0.5
0 1 2 3






[BIRE EfEMAEZ Shi-& %,
(W, +W (W —1)(V +1-W) =0, in (0, 1),
W, (0) =W, (@) =0,

CEPhw (x>0, wi(x)>0 in (1), V=0,

jolW(x)dx +V =m.
SLP) &= (V,e)BLUVRW(X) 2T RTRD L.



IR EmatsEzont-eE |V = REES W (X) = REBEK

(W, +W (W —1)(V +1-W) =0, in (0, 1),

W, (0) =W, (@) =0,

CEPhw (x>0, wi(x)>0 in (1), V=0,

jolW(x)dx +V =m.
SLP) &= (V,e)BLUVRW(X) 2T RTRD L.



R rmatsiont-es, |\ = REGES, W (X) = REEK

(W, +W (W —1)(V +1-W) =0, in (0, 1),

W, (0) =W, (@) =0,

CEPhw (x>0, wi(x)>0 in (1), V=0,

[[W()dx+V =m,
SLP) &= (V,e)BLUVRW(X) 2T RTRD L.



R rmatsEiont-eE |V = RaES W (X) = REBEK

(W, +W (W —1)(V +1-W) =0, in (0, 1),

W, (0) =W, (@) =0,

CEPhw (x>0, wi(x)>0 in (1), V=0,

jOlW(x)dx+\7=m.

SLP) &= (V,e)BLUVRW(X) 2T RTRD L.

Numerical computation

Y.Mori, A. Jilkine and L. Edelstein-Keshet,
SIAM J, Appl. Math 71(2011), 1401-1427.
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R rmatsEiont-eE |V = RaES W (X) = REBEK

(SLP)-

(W, +W (W —1)(V +1-W) =0, in (0, 1),
W, (0) =W, (1) =0,
W (x)>0, W'(x)>0 in (0,1), V >0,

jolW(x)dx+\7=m.

SLPYE#ET (V&) BEUVBW() ETRTRO&.
Numerical computation Mathematical results

Y.Mori, A. Jilkine and L. Edelstein-Keshet, I
SIAM J, Appl. Math 71(2011), 1401-1427. KE}i(Jt?g?danlgjjikawa
- S s DCDS Supplement 2013, 467-476.

some partial results




R rmatsEiont-eE |V = RaES W (X) = REBEK

(SLP)-

(W, +W (W —1)(V +1-W) =0, in (0, 1),
W, (0) =W, (1) =0,

W(x)>0, W'(x)>0 in (0,1), V >0,

jolW(x)dx+\7=m.

SLPYE#ET (V&) BEUVBW() ETRTRO&.
Numerical computation Mathematical results

Y.Mori, A. Jilkine and L. Edelstein-Keshet, I
SIAM J, Appl. Math 71(2011), 1401-1427. KE}i(Jt?g?danlgjjikawa
- S s DCDS Supplement 2013, 467-476.

some partial results

AN Exact multiplicity no results!




R rmatsEiont-eE |V = RaES W (X) = REBEK

(SLP)-

(W, +W (W —1)(V +1-W) =0, in (0, 1),
W, (0) =W, (1) =0,
W (x)>0, W'(x)>0 in (0,1), V >0,

jOlW(x)dx+\7=m.

SLP) &= (V,e)BLUVRW(X) 2T RTRD L.

l<m<?2
0.2-1

0.1

Mathematical results

AN L Exact multiplicity

0 2
3
&

0.2

0.1
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BeE F% Mhrszonf-& =,
W +WW -1)(V +1-W) =0, in (0, 1),
W, (0) =W, (1) =0,

W(x)>0, W'(x)>0 in (0,1),

j:W(x) dx +V =m.

(SLP) &= (\7,52) BXV
fEW(X)ZIRTRO&K.

(SLP) V>0,

Mathematical results

Exact multiplicity



BiRE F# M5z shi-& =,
W, +W W —1)(V +1-W) =0, in (0, 1),
W, (0) =W, (1) =0,

W(x)>0, W(x)>0 in (0,1), V >0,

(SLP)

j:W(x) dx +V =m.

(SLP) &= (\7,52) BXV
fEW(X)ZIRTRO&K.

Mathematical results

Exact multiplicity
o global bifurcation sheet an%xz

—
—




sheet F92E I3 MaEzdhi-& =,
W, +W (W —1)(V +1-W) =0, in (0, 1),
W, (0) =W, (1) =0,

P w0 >0, W(x)>0 in (0,1), V>0,

global bifurcatio

j:W(x)dx+\7:m.
oy V., &%) LU

A
W (X) EFTRTRD&.
0

Mathematical results

e

0.1 L

L JEANL Exact multiplicity
M global bifurcation sheet m#:xw=
T 4 0 T L.,,IT | v




rcation. sheet F9RE E3 MASzohf-& %,
(£, +W W —1)(V +1-W) =0, in (0, 1),
W, (0) =W, (1) =0,

CEPYW >0, wix) >0 in (0.2, V>0,

global bifu

j:W(x) dx +V =m.

s EERT (V,6%) B&U
BW(X) EFTRTRD &,




sheet

global bifurcatio

[EIRE Ef MAEZohiz& =,
W, +W W —1)(V +1-W) =0, in (0, 1),
W, (0) =W, (1) =0,

(SLP)<W(X)>0, W'(x)>0 in (0,1), V>0,

j:W(x) dx +V =m.

s EERT (V,6%) B&U

L W (x) ET_RTRO &,
Ul eV 5z bhi-EH, W (X) = s

(AP;V ) 4w, (0) =W, (1) =0,
\W’(x) > 0.

AW, +WW —D(V +1-W) =0, in (0, 1),




sheet F9RE 8 MA5zbht-& %,
W, +W W —1)(V +1-W) =0, in (0, 1),
W, (0) =W, (1) =0,

P w0 >0, W(x)>0 in (0,1), V>0,

global bifurcatio

_[:W(x)dx+\7:m.
oy V., &%) LU

L v W (x) ET_RTRO &,
Ul eV 5z bhi-EH, W (X) = s

AW, +WW —D(V +1-W) =0, in (0, 1),
(AP;V ) dw, (0) =W, (1) =0, &
W'(x) >0. |

 CORENEERD o (V,6)cG. &5 ISRE—BTHE. ChEW(XV,8%) &m<

-~

2 G::{(\7, 52):O<32<%}.

Existence




BleE F# MhrEzohi-& =,
W +W (W —1)(V +1-W) =0, in (0, 1),
W, (0) =W, (1) =0,

P w0 >0, W(x)>0 in (0,1), V>0,

_[:W(x)dx+\7:m.
oy V., &%) LU

W (x) ET_RTRO &,
Ul eV 5z bhi-EH, W (X) = s

AW, +WW —D(V +1-W) =0, in (0, 1),
(AP;V ) dw, (0) =W, (1) =0, & ;
W'(x) > 0. |
 COMEARERD o (V, 5. & HIRE—BTHE. chi W(KV,e?) £n<

-~

2 G::{(\7, 52):O<32<%}.

Existence

FZ . mV, %)= '[:W(X;\7,52)dx +V



sheet F9RE 8 MA5zbht-& %,
W, +W W —1)(V +1-W) =0, in (0, 1),
W, (0) =W, (1) =0,

P w0 >0, W(x)>0 in (0,1), V>0,

global bifurcatio

_[:W(x)dx+\7:m.
oy V., &%) LU

L v W (x) ET_RTRO &,
Ul eV 5z bhi-EH, W (X) = s

AW, +WW —D(V +1-W) =0, in (0, 1),
(AP;V ) 4w, (0) =W, (1) =0, |

W'(x) > 0. |
COREABEED o (V, 696 ESICRIE—BTHD. chE WXV, e%) &m<

-~

o G::{(\7, 52):0<52<%}.

82

Existence

T : mV,e2) = I:W(X;\7,52)dx +V
EE : (SLP)® global bifurcation sheet =1V, &% mV 69):(V, %) G |



Remark.  Let W(x;V,&?) be the unique solution of (AP;V), and
m(V,&?) = J'Ol W (x;V,g2)dx + V,

then 2
m(\7,52)=2\7+2—\7-m[vi,§—2j forany V >0, £>0.

In particular, m(1,¢°)=2 forany &>0.




-~ 9 - T.Mori, K.Kuto, T.Tsujikawa, M.Nagayama and S.Yotsutani,
Thegrezm A (mV,e%) DRTR ) - proc. of AIMS conf. 2014, submitted.
m(V,&") is represented by

n7. ey N2 1

3 43

W24V +1-M(h,s),




Theorem A (m(\7,52) DERL ) . T.Mori, K.Kuto, T.Tsujikawa, M.Nagayama and S.Yotsutani,

= Proc. of AIMS conf. 2014, submitted.
m(V,&?) is represented by
~ N +2 1
mV,e?%) = + .
V,e%) 3 NE
—(hs? =2(1+h)s +3) + 4(1 - s)(L—sh)II(=sh,~/h)/K (+/h)

J3°s* —4(h? +h)s® + (4% + 2h + 4)s> — 4(h+1)s+3

W24V +1-M(h,s),

M (h, s):=




-~ 9 - T.Mori, K.Kuto, T.Tsujikawa, M.Nagayama and S.Yotsutani,
Thegrezm A ( m(\/,g ) 0)§§7R5t ) Proc. of AIMS conf. 2014, submitted.
m(V,&") is represented by

= . WN+2 1 e
mV, &%) == e W24V +1-M(h,s),
—(hs? =2(1+h)s +3) + 4(1— s)(L— sh)II(-sh,~/h)/K (+/h)
J3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s + 3

where (h, s)=(h(V, £2), s(V, £2)) is the unique solution of the following system of
transcendental equations

M (h, s) =

E(h,s) = J2s(1-s)(1-sh) /K (h) A
|3h%s* —4(h? +h)s® + (4h? + 2h + 4)s% — 4(h+1)s +3 m
A(h.s) = 2(hs? —sh+1)(hs® - 25 +1)(1- hs?) _ 1 (1-V)@V DV +2)

J3NS —4(n? 1 h)S® 1 (407 + 2h + )5 —4(h+ 1)+ 3 W3 WiVl

O<h<l O0O<s<l.



-~ 9 - T.Mori, K.Kuto, T.Tsujikawa, M.Nagayama and S.Yotsutani,
Thegrezm A ( m(\/,g ) @i‘%m:‘:t ) Proc. of AIMS conf. 2014, submitted.
m(V,&") is represented by

= . WN+2 1 e
mV, &%) == e W24V +1-M(h,s),
—(hs? =2(1+h)s +3) + 4(1— s)(L— sh)II(-sh,~/h)/K (+/h)
J3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s + 3

where (h, s)=(h(V, £2), s(V, £2)) is the unique solution of the following system of
transcendental equations

M (h, s) =

E(h,s) = J2s(1-s)(1-sh) /K (h) A
|3h%s* —4(h? +h)s® + (4h? + 2h + 4)s% — 4(h+1)s +3 m
A(h.s) = 2(hs? —sh+1)(hs® - 25 +1)(1- hs?) _ 1 (1-V)@V DV +2)

J3NS —4(n? 1 h)S® 1 (407 + 2h + )5 —4(h+ 1)+ 3 W3 WiVl

O<h<l O0O<s<l.

Here, K(-) Is the complete elliptic integral of the first kind,
IT(-,-) is the complete elliptic integral of the third kind.

z do
K(k) =12 , IT(z,k) =
( ) .[O \/1—k25in2(0 (,Ll ) IO

T

de
(1+ pusin? go)\/l k2sin® ¢




(SLP)DAIZEY 73 lz > — b KVSVZX\A(VSX) :\vaf\g)—zléf\’f +1-W) =0,

(S"P)Jw'(x) >0,V >0,

.[01 W (x) dx +V =m.
2 ~\ ~ =
o—hae S RE-E

€910 Z—TE =

\

m —hrEEEMLREE

K

0O 1 | 4

R N W b

<y




TheoremB Let V >0 be fixed. then
(i) For 0<V <1, m(V,&?) is decreasing in &2 e(O,\7/7r2), and

limm(V,&2) =2V +1,  limW(V,&?)=V +1 in (0,1,

£210 £210
lim m(V,e)=V+1, lim W(V,&%)=1 in[0,1].
2V I 72 2V I 72
3 .
(i) For 1<\7, m(V,£?) is increasing in g’ e(O,\7/722),and 2
Iirinm(\7,52):\7, Iilan(\7,gZ):O in[0,1), .
240 240 1
lim m(V,&%)=V +1. lim W(V,e?)=1 in [0,1]
2V I 22 2V I 2
Remark

m(1,52) =2 for &’ E(O,\/\T/ﬂ'z)
limW (x;1,e*)=0 (0<x<1/2),1(x=1/2), 2 (1/2<x<1)

210
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¢ global bifurcation sheet
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Bifurcation curve Front view of the sheet
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bifurcation curve foreach m
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W'(x) > 0,

I:W(x) dx +V =m.

(SLP)







[eW, +W W —1)(V +1-W) =0,

(SLP)DAIFHAI IS — b B,

(SLPhw(x)> 0,
I:W(x)dx +V =m.

2 . ~
N ) — \ :

OO 1 ; |4V

<3
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(&W, +W (W —1)(V +1-W) =0,

W, (0) =W, (1) =0,

W'(x) > 0,
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TheoremC Let V >0 be fixed. It holds that

~ 5 ~ s
% <0 for ¢&?¢ (O,LZJ with V e (O, 1),
&

T
m
A

m(V, ?)
I~ V €(0,1) be the fixed.

2

~ 2 -7 ~
oamV, &%) >0 for &le (O,LJ with V e (1, 00)-
T

V e (1, «)be the fixed.




Theorem C. Let V >0 be fixed. It holds that

~ - 72 ~
MY.&7) o for 0<V <1, 0<s? <Y M) 50 for 1<V, 0<2? <
Py 2 oe T

v

o

Theorem B. (m(V,&®) Di S TOMEIRIE ) .
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¢ global bifurcation sheet
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Theorem C. Let V >0 be fixed. It holds that

_ ~
omV.27) o for 0<V <1 0<e’<—.
oe T

nbkY, LLFTDOTh. 1-5I2R9 & 512, Exact multiplicity &

\% 8m(\7,52)

>0 for 1<V, O<gz<iz.

0g T

Theorem B. (m(V,&?) i S TOIBRIE )

KREHDIXEIROFE - EFE - BE
ANV SVASY

2
&

> R1=[X

=

m

S B

=

global bifurcation sheet
{(\7 g%, m(\7,52)):(\7, £?)eG }




Theorem1. Let 0<m<1be given. There exists no solution of (SLP).

£ 2
O<m<l]l
0.2—
0.1
ﬁ—r—r—ﬁ



Theorem?2. Let 1<m<?2 be given. The followings hold.

(i) For v e[o, mg—l

]U[m—l, 1Julm, »), there exists no _solution of (SLP).

(i) For Ve(mz_l,m—lj, there exists the unique (V) e(o,z—l)

such that W(x;V,£%(V)) is a solution of (SLP).

Moreover, g(V)is continuous in (mz_l m—lj, 0.2—

m-1 ~
as V Tm-1.

82(\7)—>Oas VimT_l, 82(\7)—> p

(iii ForV e(L,m), there exists the unique 52(\7)e[o,7‘r’_~2] 0.1

such that W(x;V,&*(V)) is a solution of (SLP).

Moreover, 8(\7) is continuous in (1, m),

g2(V)—>0asV il &£*(V)—0asVtm 0



Theorem3. Let m=2 be given. The followings hold.

(i) For v e(o, ﬂu[z, o), there exists no solution of (SLP).

(iFor v e %,1, there exists the unique &2(V) e(o,%}

such that W(x;V,s%(V)) is a solution of (SLP).

Moreover, £(V ) is continuous in 61}

£2(V) = Oas \N%, £°(V) - £2=0.05536--- as V 11,

(i ForV =1 there exist infinity many solutions. 0 = 1 2

)

2

More precisely, all solutions are given by {W(x; 1,8%):¢&° e(o,ij .
T

(iv) For V e (L, 2) there exists the unique g2 (V) e(o,%]

such that W(x;V,&%(V)) is a solution of (SLP).

Moreover, g(\7) is continuous in (1, 2),

g2(V) > c2as Vi1 &2(V)—>0asV 2




Theorem4. Let 2<m<3be given. The followings hold.

(i) For V e (0, m—ﬂu[l,m—l]u[m, ). there exists no solution of (SLP).
2

(if) For Ve(mT_l,lj,there exists the unique 52(\7)e(o,7\r’—~2) 0.2—

such that W(x;V,£%(V)) is a solution of (SLP).

7N - ) ) -1
Moreover, £(V )is continuous in [mzlj

0.1-

g2(V) >0 as VimT_l, g2(V)—>0as V1L

(il For Ve (m-1,1) there exists the unique 52(\7)6(0,;’—:} 0

)

such that W(x;V,&2(V)) is a solution of (SLP).

Moreover, £(V ) is continuous in (m—l, m),

6‘2(\7)—) m—21 as Vim-1, 82(\7)—>0 as V Tm.
T




Theorem5. Let m>3 be given. The followings hold.

(i) For V e(0, m—1]JU[m, ), there exists no solution of (SLP).

~

(1) For Ve (m—1, m), there exists the unique 52(\7) c (0,%}

such that W(x;V,&*(V)) is a solution of (SLP).

, v
~ & =—
Moreover, £(V) is continuous in (m—l, m), c 2 7
207 m-1 Tl 4 S2NT >
e (V)—> - asVim 1,<9(\/)—>OasVTm(.)2 ‘ . 23

0.1




Prop. &,V o [EW WDV +1-W) =0, xe(0,1),

lim W (x;V, &%) =1, — x}m)) :c\)N X\S)r(:)o, 0, xe(0,1)
gZT? '/" 7 X) >0, X)>0, xe(0,
MW (xV.e%)=1 3 f3s, "~ for 0<V <1
Vv +1 (0<x<1). |
- s _ il
with s, = LIV +4-22(V WY +2)(1-V)
9 V(V +1) : i
0 O£x<%j,
W(E; 1, gzjzl, limW (x:1, &%) =+ 1
2 g2l0
2 —<x<1j.
0 (0<x<1) ° |

!;%W(X;V182)2<\7+2+\/E.(331—1)'\/\7+1 (X—l) for 1<\7

R

4?2 +7\7+7—2\/§(\7+2)\/(2\7 +1)(V -1)
V +1 ' 1







:

EEO k) MBI L EHOT A 7T

ZI:IIll

Now, let us introduce an auxiliary problem to investigate (SLP). Let V > 0 be
given, let us consider the problem

W +W(W =1)(V+1-W)=0 in(0,1), (2.1)
(AP, V) W, (0) = Wy(1) =0, (2.2)
| We(z) > 01n (0,1). (2.3)
We note that (AP;V) is equivalent to

W s W(W=1)(V+1-W)=0 i (0,1),

W (0) =W, (1) =0,

0<W(0) <V 41, Wy(z)>0i(0,1)

for given V> 0, Sim:F:* it is easy to see that a condition 0 < W(0) < V +1 holds for
any solution of (AP;V).

-




The existence and the uniqueness of the solution W (z) of (AP;V) is well-known
(see, e.g. Smoller-Wasserman [5] and Smoller [6]). However, we need to know
more precise information to investigate (SLP). The following theorem gives the

representation formula for all solutions of (AP'T})

Theorem 2.1. Let V > 0. There exists a solution of (AP; V] if and only if
(V, %) €G, where

g:—{(ﬁ', e2) o{g%m. (2.4)

Moreover, the solution is unique. The solution W(ﬂ:;l},fg) has properties

0<W(zV,e})<V+1, (2.5)

) 26

‘=:|mm

: . : 1
WV, =VLl-V.W (1—1 =



The solution W (x; 1}, 52) 15 represented by

I’I’T(fﬂ__ i} E;z) _ lf;_ 2
1 /== B-(1—hs)sn?(K (Vh)z, Vh)+a-cn®(K (Vh)z, Vh) |
—VV24V +1- . 2.
" \/§\/ T (1—hs)sn2(K (Vh)z, Vh)+cen2(K(Vh)z,vVh) (27)
3hs? —2(1+h)s+1
a:=al(h,s) = — ( ;_ )s+ =, (2.8)
V3h2st'—4(h?2+h)s3+(4h2+2h+4)s2 —4(h+1)s+3
8= B(h,s) — —hs® 20 —h)s+1 (2.9)

/3h2s* —4(h2+h)s3+(4h2+2h+4)s2—4(h+1)s+3

where (h,s) = (.-’1(1”._ =2, s(V, 5‘2}) 1s the unique solution of the following system of

transcendental equations

Ehys)=vV3 ——=" (2.10)
VV2Z4LV 41
1 (1=-V)2V +1)(V +2
B)§ Ah,s) = - L=VIRV+ DV +2) (2.11)
33 \/Vz—|—V—|—1
(0<h<1, 0<s<l, (2.12)
where
E(h.s) e V’25(1—5)(1—sh)/1{(\/§) | (2.13)
V3h2st —4(h%2+h)s3 4 (4h2 +2h+4)s2 —4(1+h)s+3
2(hs?—2sh+1)(hs?—2s+1)(1—hs?
A(h, s) = (hs sh+1)(hs s+1)( s9) (2.14)

VRSt — A2+ 1)s3 + (Ah2 +2h+ ) s2—4(h+1)s+3



We show the graph of A(h,s) and £(h, s) in Figures 1 and 2.

[
o e

Fifi

= e s
rJU| L fi

I

& =

—

FiGcurgeE 1. Graph of A(h, s)

FiGcureE 2. Graph of £(hk, s)



Theorem 2.2. Let W (xz:V,£2) be the unique solution of (AP;V ), and

— 1 —
m(V, EE] ::/ I‘V(:S;V,Ez]d:r—l—v,
0
then

- - - 2 -
m(V,e2) =2V +2—-Vm (i &:—) forany V >0, >0.
V V2

In particular,

m(l,e?) =2 forany £ > 0.

Moreover, it holds that

- AWV4+2 1 —
m(V, &%) = 3+ +V/§-\/VZ+V+1-M(h,s),

M(h, s)

—(hs? —2(1 + Rh)s + 3) + 4(1 — s)(1 — sh)II(—sh, Vh)/K (V)

V/3h2st —A(h? 4+ h)s® + (4h? + 2h +4)s? — 4(1 + h)s + 3

(2.16)

(2.17)

(2.18)

(2.19)

where h = h(V,e2), s = s(V,e2) are given in Theorem?2.1. Here, K(-) is the
complete elliptic integral of the 1st kind, and I1(-,-) is the complete elliptic integral

of the third kind.



Let us define the global bifurcation sheet S by

{(v Vda:+V) (V, Z)reg}

We obtain exact representation the global biturcation sheet S as
S — {(ff,gﬁ,m(ff, gﬁ}) . (V, £2) g} (2.20)
by Theorem 2.2 . For each m, we can obtain the bifurcation diagram by
{(ff, 2y e G :m(V, £2) = m} (2.21)

directly from the global bifurcation sheet S.

We will mathematically imvestigate precise properties of the global bifurcation
sheet and bifurcation diagrams in a forth-coming paper. For instance, we see the
following facts:

- For each fixed E’r € (0,00), W(x; V,e2) — 1 as £2 —} V;"?r uniformly on [0, 1].
- For each fixed V € (0,0c), m(V, 52) —+V +1ase2 = V/x2.

- For each fixed "E’r e (0,1), W(x:V,e2) -V +1 as £2 — 0 in (0, 1].
- For each fixed V = (1, 00), I*V[Q:,V,EZ} — 0 as 2 — 0in [0,1).

- For each fixed V € (0,1), m(V,e?) — 2V + 1 as €2 — 0.
- For each fixed V € (1,00), m(V,£2) = V as 2 — 0.

- For m < (0, 1], bifurcation diagrams are the empty set. ~
- For m < (1, 00), bifurcation diagram given by (2.21) are graphs with V axis
( smooth single-valued function in V' ) except m = 2 with V = 1.



WSt

FicurE 3. Global bifurcation sheet

The Figure 4 show the bifurcation diagrams for various m with the profiles of
solutions of (SLP).
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Ficurgk 4. Bifurcation diagrams for various m



3. Proof of Theorems 2.1 and 2.2. We prepare several propositions to prove

Theorem 2.1 and Theorem 2.2.

Proposition 3.1. Let W (z) be a solution of (AP;V ), and

e (vwe— (142)).

where

Then u(x) satisfies

¢ 2
3e
( \/_ ) Upy — -1.',3 -+

VVZHV 1
v 2,., [/
4 N 1‘ (1 V)m( Vt1)(v;+2) in (0.1),
3v/3 VV24V 41

r(0) = u, (1) = 0,
C () >0 1in (0, 1),

and

1 1
/ W(z)dx = V;—Q + L. VV24V 41 / u(z)dz.
0 0

V3

(3.1)

(3.2)

(3.3)

(3.4)
(3.5)

(3.6)



Proposition 3.1. Let W(z) be a solution of (AP;V ), and

o= (- (142)).

where

Then u(x) satisfies

¢ 2
— \/gc,_ Upyr — -u3 + U
VV2 4V 41

) L1 (1=V)V+1)(V +2) in (0.1).

. - _ 3
3v3 V24V 41
U (0) = ux(1) =0,
{ uz(z) >0 1in (0,1),




Proposition 3.2. Let V > 0. There ezists a solution W(z) of EAPJ}), if and only

if (E) has a solution (h,s). For the solution (h.s) of (E), (AP:V') has a solution in
the form (2.7) with (2.8) and (2.9).

Proposition 3.3. Let V > 0. There ezists a solution (h,s) = (h(V,e?),s(V,£2))
of (E), if and only if (V,£%) € G, where G is defined by (2.4). Moreover, the solution

18 UNique.

Proposition 3.4. Letﬂff >0,e>0, (h,s) = (W(V,£?),s(V,e2)) be the unique
solution of (E), W(x;V,e?) be the unique solution of (E) in the form (2. 7) with
(2.8) and (2.9), and u(z) be defined by (3.1) and (3.2) with W (z) = W (z:; V, &2).
Then

i i

fl u(z)dz = M(h(V,e2),s(V,e?)) (3.7)
0
where M(h,s) is defined by (2.19).

Proof of Theorem 2.1. We see from Proposition 3.2 and Proposition 3.3 that
conclusions hold except (2.6).
We see that

vViv?
is a solution of (AP; V). Thus, we obtain (2.6) by the uniqueness of solutions of
(AP; V).

_ _ 2
v+1—v.w(1—$;i ° )

Proof of Theorem 2.2. We obtain conclusions by (2.16), Proposition 3.1, and
Proposition 3.4.



Proof of Proposition 3.1. Let us put

U(x) := EV(JE} .
V+1
We get
(XU, +U(1 —UYU —A) =0 in (0,1),
U,(0) =U,(1) =0,
Ug(xz) >0 in (0,1),
and

1 1 1
f Wix)dx = 5\ / Ul(x)dzx,
0 0
where A\ = 1;"(1} +1).

We further introduce w(x) by

wwy = T@D=(3+3) . VAFT

c V3

We have
1 A
U(x) = cu(x) + 3 T3

and obtain

—0 in (0,1),

(E)Zu P aws L A=2CA-D(A+1)
c e 3v3 (A2 — A4+ 1)%2

. (0) = u, (1) = 0,

uz(xr) >0 in (0,1),

1 1
1 1+ A
/0 Wi(x)dx = 5\ (c L uwdx + _; ) .




Hence, we get

r

2
VA2 A +1

I A=2)2A—-1)(A+1)
3V3 (A2 —A41)%?
e (0) = ux(1) =0,
L uy(z) >0 1in (0,1),

L

=0 in(0,1),

1 - 1
1 (VA2 —)A+1 1+ A
Wix)dr = — ule)de + —— | .
[, e A( B Jo M

Therefore, we obtain

r 2 - -
V3e 2 1 1-V)QV+1)(V+2) |
= — Uy — U + U — = - - - 3 in (0,1),
VV24V +1 3v3 V2LV 41
i, (0) = uy,(1) =0,
[ ux(z) >0 1n (0,1),

and

1 T 1

V+2 1 = =

/ W(x)dr = T+ - 3 V21V f w(z)dz.
0 0



5. Proof of Proposition 3.2 and 3.4. In this section we give a proof of Propo-
sition 3.2 and 3.4. We employ representation formulas obtained in Proposition 1.1
and its proof in Kosugi-Morita-Yotsutani[3].

Lemma 5.1. Let E > 0 and A be constants. Then all the solution of
F2upp —u>4+u—A=0 in (0,1),
uz(0) = uz(1) =0,
uy(x) >0 1in (0,1).
are represented by two parameters (h,s) with 0 < h <1 and 0 < s < 1 as follows.

B-(1—hs)sn?(K(Vh)x, Vh)+a-en? (K (Vh)z, Vh)
(1—hs)sn2(K (VRh)z, Vh)+en2 (K (VR)z, V)
a:=«alh,s), 3:=3(h,s), (5.2)

where a(h, s) and B(h,s) are defined by (2.8) and (2.9), and (h, s) is a solution of
the following system of transcendental equations

u(x:h,s) = . (5.1)

E(h,s)=F (5.3)
(E) < A(h,s) = A (5.4)
D<h<1, 0<s<l1, (5.5)

where E(h,s) and A(h, s) are defined by (2.13) and (2.14) respectively.
Moreover,

1
/ u(x)dx = M(h, s),
0
where M(h, s) is defined (2.19).

Proof of Proposition 3.2. We obtain conclusions by Proposition3.1 and Lemmab. 1.

Proof of Proposition 3.4. We obtain conclusions by Proposition3.2 and Lemmab. 1.



6. Proof of Proposition 3.3. In this section we give a proof of Proposition 3.3.
First we note that

3h%s* —4(h?+h)s® +(4h*+2h+4)s* —4(h+1)s+3
=52(3s2—4s+4)h?—25(2s2 —s+2)h+4s? —45s+3>0
and A(h, s) and £(h, s) are well-defined in (h,s) € (0,1) x (0,1), since
s? (232 — s+ 2)2 — § (354 46+ 452) (452 —4s+ 3)
= —8s%(s* —s+1) (s—1)*<0.

there. We prepare several lemmas.
We see from Lemma 3.2 and the proof of Lemma 3.4 of [3] that the following
lemma holds.




Lemma 6.1. Let £(h, s) be defined by (2.13). The derivative of £(h. s) with respect

to s satisfies

P > 0, s € (0,0(h)), hel0,1),
a—f(h,s) =0, s=o(h), he10,1), (6.1)
S <0, se(o(h),1), hel0,1),

and
E(h,s) < E(h,o(h)) for all (h,s)<[0,1)x[0,1]\ {(h,s):s=0c(h)}, (6.2)
where o(h) :=1/(1++1—h).

Moreover,
1 i
E(h,o(h)) = T K () (6.3)
d .
Eg(h,cr(h)} <0 for he[0,1), (6.4)
and
E(0,0(0)) = %, E(h,o(h)) - 0ash — 1. (6.5)
In addition,
£(0,s) = 2v2s(1-5) (6.6)

nv4s?2 —4s+3



Lemma 6.2. Let
V3 (1 —v)(2v+ 1)(1:—1—2)
r(v) =
) N

Then, r(v) is monotone decreasing in (0,00) and

W3 23
o W

r(0) =

as v — Q.

Lemma 6.3. Let A(h,s) be defined by (2.14). Then

2V3 2v/3
9

As(h,s) <0 for all (h,s) € (0,1) x (0,1).

A(h,0) =

A(h,1) = ==5= for all h e [0,1),

(6.7)

(6.8)

(6.9)

(6.10)



Lemma 6.4. Let V > 0 be fized. There erists a unique curve
s(h; V) e C°°[0,1)
such that

1 (1= V)2V +1)(V +2)

A(h,s(h; V) = 0<s(h;V) < 1.

3V3 VVZFV 41
Moreover B
- 1 1—-V
S(D: V} - 5 — — b
2 VBV +2)@v +1)
£(0,s(0; V) = V3VV

aVVZ LV 1
and

E(h,s(h;:V)) — 0 as h — 1.

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

Lemma 6.5. Let £(h,s) be defined by (2.13), and s(h;V) defined in Lemma 6.4,

then for each fired V' > 0

d€(h,s(h;V))
dh

<0 in(0,1).

(6.20)



Proof of Proposition 3.3 First, we note that

V3e

0 < = =
VV2 4LV 41

< £(0,s(0; V)

1s equivalent to

V3e V3VV

0 < = S < = = )
V24V +1 aVV2+V 41
that 1s,
,.f.i;,_
0<e < ——.
m

Thus, we complete the proof by Lemmas 6.4 and 6.5.
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Idea of proof of Theorem C

8m(\7,52)

o€

V
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<0for 0<V <1 0<é&’<

7 ov. [t AT .2 7
m\V, ¢ ).:jOW(x,v,g )dx +V




Idea of proof of Theorem C

m(V,&?) is represented by

1

3

N
NG
—(hs® —2(1+ h)s +3) + 4(1—s)(L— sh)[T(~sh,/n)/K (h h)

W24V +1-M(h,s),

o€

8m(\7,g) \7

<0for 0<V <1 0<é&? <—.

N

~ 5 1 ~ 5 ~
mV, ¢ )::j W(x;V,e%)dx+V

M (h, s) =

J3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s + 3




— 2 s -~
Ideqo[ proof of Theorem C MV _ofor 0<V <1 0<g? <12.
m(\V,&%) is represented by g T
~ ~ 1 ~ ~
MV £2) = 4V3+2 N \1@ W24V +1-M(h,s), MV, &%) = jo W (x;V,e?)dx+V

— (hs? —2(1+h)s +3) + 4(1—s)(1—sh)IT(=sh,+/h)/K (/h)
J3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s + 3
where (h, s)=(h(V, £2), s(V, £2)) is the unique solution of the following system of

transcendental equations

M (h, s):=

E(h.s) = J2s5(1-s)(L-sh) /K (/) 5
s — 4 +h)s - (dh2 £ 2h+ )2 —Ah+D)s+3 AV E4V 41
A(h.s) = 2(hs? —sh+1)(hs? - 25 +1)(1- hs?) C 1 (1-V)@V DV +2)

J3nst A h)s s (A 12+ 4)st—4(h+Ds+3. N3 WPaval

O<h<l 0O<s< .
1++/1-h
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Ideqo[ proof of Theorem C MV _ofor 0<V <1 0<g? <12.
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~ ~ 1 ~ ~
MV £2) = 4V3+2 N \1@ W24V +1-M(h,s), MV, &%) = jo W (x;V,e?)dx+V

—(hs® —2(1+h)s +3) +4(1—s)(1—sh)[T(-sh,~/h)/K (+/h)
J3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s + 3
where (h, s)=(h(V, £2), s(V, £2)) is the unique solution of the following system of

transcendental equations

M (h, ) =

E(h,s):= J250-5)sh) /K (h) S P —
\/3h2s* —4(h? + h)s® + (4h? + 2h + 4)s? — 4(h +1)s + 3 W24V +1
Ah.S) = 2(hs? —sh+1)(hs? - 25 +1)(1- hs?) C 1 (1-V)@V DV +2)
J3nst A h)s s (A 12+ 4)st—4(h+Ds+3. N3 WPaval
S, 1
B TN
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Ideqo[ proof of Theorem C MV _ofor 0<V <1 0<g? <12.
m(V,e%) is represented by g T
~ ~ 1 ~ ~
MV £2) = 4V3+2 N \1@ W24V +1-M(h,s), MV, &%) = jo W (x;V,e?)dx+V

—(hs® —2(1+h)s +3) +4(1—s)(1—sh)[T(-sh,~/h)/K (+/h)
J3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s + 3
where (h, s)=(h(V, £2), s(V, £2)) is the unique solution of the following system of

transcendental equations

M (h, s) =

E(h,s):= J250-5)sh) /K (h) S P —
\/3h2s* —4(h? + h)s® + (4h? + 2h + 4)s? — 4(h +1)s + 3 W24V +1
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Here, K(-) Is the complete elliptic integral of the first kind,
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J3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s + 3

where (h, s)=(h(V, £2), s(V, £2)) is the unique solution of the following system of
transcendental equations

J2s(L-s)1-sh) /K (+/h) 3¢
J3’st — A2+ h)s®+ (A7 + 20+ )’ —A(h+1)s+3 W24V 41
2(hs? —sh+1)(hs? - 25 +1)(1- hs?) C 1 (1-V)@V DV +2)
st A h)s s (@ 12+ 4)st—4(haDs+3 V3 WPaval
S@ 1
1 - 1+4/1-h
o

Here, K(-) Is the complete elliptic integral of the first kind,

M (h, s) =

E(h,s):=

A(h,s) =
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I'1(-,-) is the complete elliptic integral of the third kind.
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dE(h, s(h;V) By AhS) =z ——
i VW24V +1
v hV hV
M, +M, ds(hi V) we have Ah+AS-dS( - )=O. ds(h )=—A“.
_ dh_ dh dh A
E +E. ds(h; V)
dh




J25(1-5)(1-sh) /K (+/h) £

E(h,s):= =3
() \/3h —4(h? +h)s® + (4h? + 2h + 4)s? - 4(h+1)s+3 W24V +1
Ah.s) = 2(hs? —sh+1)(hs? — 25 +1)(L—hs?) _ 1 -V)@V A1)V +2)
| \/3hzs4—4(h2+h)s3+(4h2+2h+4)sz—4(h+1)s+33 SN VERYIY
m(V,&?) = i +2+ 1 AVZ+V +1-M(h,s), S 1
3 \/5 W S=
_ _ 1++1-h
2 06}
i 5 4V+2+ Vo+V +1-M .
omVv,e?) | 3 3 Y |
og o0g 3 oe e éggg;%gé
dM (h,s(h; V) oot h
_ dh 1 @1-V)(V +D)V +2) [o<nrocsey ]
dE(h, s(h;V) By AhS) =z ——
i W24V +1
M, +M, as(h; V) we have Ah+AS-dS(h;V)= L ds(h;V):_Ah.
_ dh_ dh dh A,
E +E. ds(h; V)
dh N 2(hs? —sh+1)(hs? — 25 +1)(1— hs?)
Mh+MS-(—'2:J \/3h254—4(h2+h)s3+(4h2+2h+4)sz—4(h+1)s+33
— e [A E(hs) J2s(-s)(1-sh) /K (+/h)
A \/Bh —4(h? +N)s® + (4h? + 2h + 4)s? —4(h +1)s +3
_ M -A-Mg-A — (hs? = 2(1+ h)s +3) + 4(L— s)(1— sh)TT(~sh, \/_)/K(\/_)
= : M (h, s):=
E,-A-E-A \J3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s +3




Plan of proof(continued)

omV,&®)  V2+V+l M A -M,-A
O 3 E.-A-E-A




Plan of proof(continued)

omV,&®)  V2+V+l M A -M,-A

O 3 E.-A-E-A
Here,
T (hs? — 2(1+h)s +3) + 4(L—s)(L— sh)[T(=sh,~/h)/K (vh)
3%t —4(h? +h)s® + (4h? + 2h + 4)s? —4(h +1)5+ 3
2 2 2
Alh s) = 2(hs® —sh+1)(hs® —2s+1)(1-hs?) :
3h2s* —4(h? +h)s® + (4h* + 2h + 4)s2 —4(h+1)s + 3
E(hs) J2s(1-s)(1-sh) /K (/)

J3h2s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s +3



Plan of proof(continued)

omV,&®)  V2+V+l M A -M,-A

O 3 E.-A-E-A
Here,
M, $) —(hs® - 2(1+h)s +3) + 4(L— s)(L— sh)[T(=sh,~/h)/ K (vh)
3%t —4(h? +h)s® + (4h? + 2h + 4)s? —4(h +1)5+ 3
2 2 2
A(h.s) = 2(hs® —sh+1)(hs® —2s+1)(1-hs?) :
3h2s* —4(h? +h)s® + (4h* + 2h + 4)s2 —4(h+1)s + 3
E(hs) J2s(1-s)(1-sh) /K (/)

J3h?s* —4(h? +-h)s® + (4h? + 2h + 4)s? —4(h+1)s+3




Plan of proof(continued)

omV,&®)  V2+V+l M A -M,-A

O 3 E.-A-E-A
Here,
M(h 5) = — (hs? = 2(1+ h)s +3) + 4(1—s)(L— sh)[1(=sh,+/h) /K (vh)
3%t —4(h? +h)s® + (4h? + 2h + 4)s? —4(h +1)5+ 3
2 2 2
Alhs) = 2(hs® —sh+1)(hs® —2s+1)(1—hs?) :
3h2s* —4(h? +h)s® + (4h* + 2h + 4)s2 —4(h+1)s + 3
E(hs) J2s(1-s)(1-sh) /K (/)

J3h?s* —4(h? +-h)s® + (4h? + 2h + 4)s? —4(h+1)s+3
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Plan of proof(continued)

omV,&®)  V2+V+l M A -M,-A

O 3 E.-A-E-A
Here,
M(h 5) = — (hs? = 2(1+ h)s +3) + 4(1—s)(L— sh)[1(=sh,+/h) /K (vh)
3%t —4(h? +h)s® + (4h? + 2h + 4)s? —4(h +1)5+ 3
2 2 2
Alhs) = 2(hs® —sh+1)(hs® —2s+1)(1—hs?) :
3h2s* —4(h? +h)s® + (4h* + 2h + 4)s2 —4(h+1)s + 3
E(hs) J2s(1-s)(1-sh) /K (/)

J3h?s* —4(h? +-h)s® + (4h? + 2h + 4)s? —4(h+1)s+3

We may show the following inequality equations.

M,-A -M,-A <0, E -A-E, A >0.
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Plan of proof(continued)

omV,&®)  V2+V+l M A -M,-A

O 3 E.-A-E-A
Here,
M(h 5) = — (hs? = 2(1+ h)s +3) + 4(1—s)(L— sh)[1(=sh,+/h) /K (vh)
3%t —4(h? +h)s® + (4h? + 2h + 4)s? —4(h +1)5+ 3
2 2 2
Alhs) = 2(hs® —sh+1)(hs® —2s+1)(1—hs?) :
3h2s* —4(h? +h)s® + (4h* + 2h + 4)s2 —4(h+1)s + 3
E(hs) J2s(1-s)(1-sh) /K (/)

J3h?s* —4(h? +-h)s® + (4h? + 2h + 4)s? —4(h+1)s+3

We may show the following inequality equations.

M,-A -M,-A <0, E -A-E, A >0.
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Plan of proof(continued)

omV,&®)  V2+V+l M A -M,-A

O 3 E.-A-E-A
Here,
M(h 5) = — (hs? = 2(1+ h)s +3) + 4(1—s)(L— sh)[1(=sh,+/h) /K (vh)
3%t —4(h? +h)s® + (4h? + 2h + 4)s? —4(h +1)5+ 3
2 2 2
Alhs) = 2(hs® —sh+1)(hs® —2s+1)(1—hs?) :
3h2s* —4(h? +h)s® + (4h* + 2h + 4)s2 —4(h+1)s + 3
E(hs) J2s(1-s)(1-sh) /K (/)

J3h?s* —4(h? +-h)s® + (4h? + 2h + 4)s? —4(h+1)s+3

We may show the following inequality equations.

My - A —M- A, <0,

E.-A—E.-A >0.
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Plan of proof(continued)

omV,&®)  V2+V+l M A -M,-A

O 3 E.-A-E-A
Here,
M(h 5) = — (hs? = 2(1+ h)s +3) + 4(1—s)(L— sh)[1(=sh,+/h) /K (vh)
3%t —4(h? +h)s® + (4h? + 2h + 4)s? —4(h +1)5+ 3
2 2 2
Alhs) = 2(hs® —sh+1)(hs® —2s+1)(1—hs?) :
3h2s* —4(h? +h)s® + (4h* + 2h + 4)s2 —4(h+1)s + 3
E(hs) J2s(1-s)(1-sh) /K (/)

J3h?s* —4(h? +-h)s® + (4h? + 2h + 4)s? —4(h+1)s+3

We may show the following inequality equations.

M,-A -M,-A <0, E -A-E, A >0.
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. M-
Plan of proof(continued) .
om(V, &%) _ V24V +1 My-A-M-A
0 3  E A-E-A -
Here, -
M(h 5) _ —(hs? —2(1+h)s +3) + 4(1—s)(1 - sh)IT(=sh, vh) /K (+/n) N
3%t —4(h? +h)s® + (4h? + 2h + 4)s? —4(h +1)5+ 3 i
-3
AGh.s) = 2(hs? — sh+1)(hs? — 25 +1)(1— hs?) .
JaPst 4P rh)s® 1 (4% +2h+ A 4(h+D)s+3 ]
E(hs) J2s(1-s)(1-sh) /K (/) -6
7 J3n%s* —4(h? +h)s® + (4h7 + 2h + 4)s? —4(h+1)5+3 S T
05 pg
We may show the following inequality equations. ’
S
E,-A ~E,- A >0, N
03—- S =
o] 1++/1-h
. fiisee
=t
O I {]L [ {]|4 ; ﬁlﬁ I DC-I h




Plan of proof(continued)

omV,&®)  V2+V+l M A -M,-A

O 3 E.-A-E-A
Here,
M(h 5) = — (hs? = 2(1+ h)s +3) + 4(1—s)(L— sh)[1(=sh,+/h) /K (vh)
3%t —4(h? +h)s® + (4h? + 2h + 4)s? —4(h +1)5+ 3
2 2 2
Alhs) = 2(hs® —sh+1)(hs® —2s+1)(1—hs?) :
3h2s* —4(h? +h)s® + (4h* + 2h + 4)s2 —4(h+1)s + 3
E(hs) J2s(1-s)(1-sh) /K (/)

J3h?s* —4(h? +-h)s® + (4h? + 2h + 4)s? —4(h+1)s+3

We may show the following inequality equations.
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_ —(hs®—2(1+h)s +3) +4(1—s)(1 - sh)[T1(-sh,~h)/K(vh)
We show Mh'As_Ms'Ah<O M (h, s) =

\3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s+3

My - Ag — M- Ay = A(h,s) = 2(hs® —sh+1)(hs* — 25 +1)(1—hs?)
J3h%s* —4(h? +h)s® + (4h? + 2+ 4)s? —4(h+1)5+3




_ —(hs®—2(1+h)s +3) +4(1—s)(1 - sh)[T1(-sh,~h)/K(vh)
We show Mh'As_Ms'Ah<O M (h, s) =

\3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s+3

My - Ay — M- Ay = A(h,s) = 2(hs® —sh+1)(hs* — 25 +1)(1—hs?)
J3h%s* —4(h? +h)s® + (4h? + 2+ 4)s? —4(h+1)5+3

32s5(1 — hs)*(1 — s)? (((—2h4s4 +2R%s + 4h3s? — 2n2st + 4h%s® — 12h% 57

+4h%s — 2h? + 4hs 4 2h — 2) E(Vh) + (h*s* — 3h%s* 4+ 4R%s 4+ 2075t — 61757
—4h?5 4 6h%s? + Ah%s + B2 — dhs — 3h + 2) K(\/E))H(hs, Vi)
+ (—h3s® — h2s® + 6h*s* — 3h%s + 2h* — 3hs — 2h + 2) K(Vh)E(Vh)

+ (=h®s® + 31352 + h2s® — 3h%s% — 3h%s — h% + 3hs + 3h — 2) K(\/E)Q)

/K(\/W (—1+ h) h (3h2s* — 4h?s® + 4h%s? — 4hs® + 2hs® — 4hs + 4s° — 45 + 3)°



—(hs® —=2(1+h)s +3) + 4(1—s) (1 - sh)IT(=sh,~/h) /K (vh)

. _ . M (h, s) =
We show M h A\S M S Ah < O (h.s) \3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s+3
Mh . .AS _ Ms . Ah _ Ath.s) = 2(hs? —sh+1)(hs® —2s +1)(1- hs?)
J3Ns* —a(h? +h)s + (N7 + 20+ 4)s —4(h +D)s+3

325(1 — hs)?(1 — s)? (((-%%4 + 2R3 s + 4hPs? — 2n2st + 4h%s? — 12h% 7

+4h%s — 2h? + 4hs + 2h — 2) E(Vh) + (h*s* — 3h%s* +- 405 4+ 2075t — 6157
—4h?$8 4 6h%s? + 4h%s + h2 — dhs — 3h + 2) K(\/E))H(-hs, V)
+ (—h3s® — h2s* + 6h%s* — 3h%s + 2h* — 3hs — 2h + 2) K(Vh)E(Vh)

+ (=h3s® + 31382 + h2s® — 3h%s% — 3h%s — h% + 3hs + 3h — 2) K(\/W)

/K(\/W (—1+h)h (3h2s* — 4h?s® + 4h%s* — 4hs® + 2hs” — 4hs + 45> — 4s + 3)°



_ —(hs®—2(1+h)s +3) +4(1—s)(1 - sh)[T1(-sh,~h)/K(vh)
We show Mh'As_Ms'Ah<O M (h, s) =

\3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s+3

My - Ag — M- Ay = A(h,s) = 2(hs® —sh+1)(hs* — 25 +1)(1—hs?)
J3h%s* —4(h? +h)s® + (4h? + 2+ 4)s? —4(h+1)5+3

32s(1 — hs)?(1 — s)? (((—2h4s4 +2R%s + 4h3s? — 2n2st + 4h%s® — 12h% 57

+4h%s — 2h? + 4hs 4+ 2h — 2) E(Vh) + (h*s* — 3h%s* 4+ 4h*s? 4+ 2075t — 61757
—4h?$ + 6h%s? + Ah%s + B2 — dhs — 3h + 2) K(\/E))H(-hs, Vi)

+ (—=h*s® = n%s® 4+ 6h%s% — 3h%s + 2h% — 3hs — 2h + 2) K(VR)E(Vh)

+ (=h?s® + 3h%s% 4+ h%s® — 3h%s” — 3h%s — h% + 3hs + 3h — 2) K(\/E)Q)

/K(\/E)2 (—=1+h) h (3h2s* — 4h?s® + 4h%s? — 4hs® + 2hs® — 4hs + 4s® — 45 + 3)°
negative positive



_ —(hs®—2(1+h)s +3) +4(1—s)(1 - sh)[T1(-sh,~h)/K(vh)
We show Mh'As_Ms'Ah<O M (h, s) =

\3h%s* —4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s+3

Mh, X As _ Ms . Ah _ A(h,s) = 2(hs® —sh+1)(hs® —2s +1)(1-hs?)
J3h%s* —4(h? +h)s® + (4h? + 2+ 4)s? —4(h+1)5+3

32s(1 — hs)?*(1 — s)? (((2h434 + 2R3 s + 4h3s® — 2R2 st + 4h%sP — 12h% 57

+4h%s — 217 + 4hs + 2h — 2) E(VR) + (h's" = 31%s* + 4n7s® + 207 s* — 6175
—4h%5® + 6h2s% + 4h2s + h% — dhs — 3h + 2) K(\/E))H(-hs, V)

+ (—h3s® — h?s® + 6h*s* — 3h%s + 2h* — 3hs — 2h + 2) K(Vh)E(Vh)

+ (=h’s® + 30%s® + h*s® — 3h*s* — 3h°s — h* + 3hs + 3h — 2) K(\/E)Q)
/K(\/E)2 (—1+ h) h (3h%s* — 4h2s% + 4h2s? — 4hs® + 2hs® — 4hs + 45> — 4s + 3)°

negative positive
We may show that part of is positive. Graph of




(((—2h434 +2h3s* + 4h3s3 — 2h%st + 4h?s® — 1222
+4h%s — 2h? + 4hs + 2h — 2) E(Vh) + (h*s* — 3h%s* 4 4h®s® 4 2h%s* — 6R°5?
41?5 + 6h2s? + 4h%s + h2 — 4hs — 3h + 2) K(\/E))H(hs, V)

+ (—h3s® — h?s® + 6h%s* — 3h%s + 2h* — 3hs — 2h + 2) K(Vh)E(Vh)

+ (=h3s® + 31382 + h2s® — 3h2s% — 3h%s — h% + 3hs + 3h — 2) K(\/W)

We may show that part of is positive.




(((—2h484 +2h3s* + 4h3s3 — 2h%st + 4h?s® — 1222
+4h%s — 2h? + 4hs + 2h — 2) E(Vh) + (h*s* — 3h%s* 4 4h®s® 4 2h%s* — 6R°5?
41?5 + 6h2s? + 4h%s + h2 — 4hs — 3h + 2) K(\/E))H(hs, V)

+ (=hs® — %5 4 6h%s% — 3h%s + 2h% — 3hs — 2h + 2) K(VR)E(Vh)

+ (=h3s® + 31382 + h2s® — 3h2s% — 3h%s — h% + 3hs + 3h — 2) K(\/E)Q)

We may show that part of is positive.

- We can prove to use only K(\/ﬁ), E(\/ﬁ).
(*." Take the derivative of K(\/ﬁ), E(\/ﬁ ) with respectto h
Only K('h),E(h)




(((—2h434 +2h3s* + 4h3s3 — 2h%s* + 4h’s® — 12h% 52
+4h%s — 2h? + 4hs + 2h — 2) E(Vh) + (h*s* — 3h®s* 4+ 4h®s® 4 2h%s* — 6R°5?
—4h%s® + 6h2s2 + 4h%s + h? — dhs — 3h +2) K(\/E))H(-hs, V)

+ (—h3s® — h?s® + 6h%s* — 3h%s 4 2h® — 3hs — 2h + 2) K(Vh)E(Vh)

+ (—h3s® + 335 + h?s® — 3h2%s® — 3h%s — h® + 3hs + 3h — 2) K(\/E)Q)

We may show that part of is positive.

- We can prove to use only K(\/ﬁ), E(\/ﬁ).
(*." Take the derivative of K(\/ﬁ), E(\/ﬁ ) with respectto h
Only K('h),E(h)




(((—2h484 +2h3s* + 4h3s3 — 2h%st + 4h?s® — 1222
+4h%s — 2h? + 4hs + 2h — 2) E(Vh) + (h*s* — 3h%s* 4 4h®s® 4 2h%s* — 6R°5?
41?5 + 6h2s? + 4h%s + h2 — 4hs — 3h + 2) K(\/E))H(-hs, Vh)

+ (=hs® — %5 4 6h%s% — 3h%s + 2h% — 3hs — 2h + 2) K(VR)E(Vh)

+ (=h3s® + 31382 + h2s® — 3h2s% — 3h%s — h% + 3hs + 3h — 2) K(\/E)Q)

We may show that part of is positive.

- We can prove to use only K(\/ﬁ), E(\/ﬁ).
(*." Take the derivative of K(\/ﬁ), E(\/ﬁ ) with respectto h
Only K('h),E(h)

- Using TT1(hs, \/ﬁ) case
We can prove but hard calculation.




Differential of a I1(=hs, v/h)

[1(=hs, Vh)|xs4 2 & r1(-hsJh), K(h),EWR) 4T3,

_H( N \/—)_1(1 hs?)IT(~hs,v'h) —sE(v/h) - (1-s)K (vh)
S(1—s)(1—sh)

_H( " \/—)_lsh(l h)I1(-hs,vh) + E(/h) - @-h)K (/h)
h(L—h)(L—sh)

|dea of except IT(-hs, \/_ h) KKosugi, Y. Morita and Y. Yotsutani, DCDS 19(2007),

Take the derivative of 2\/ (1— S)(l— Sh) with respect to h
Vs Ti(hs, V) Only K(/h),E(h)

o [ 2,/@-s)(@-sh) _ SE(h)+(1-s)K(/h)
88[ Js 'H(_hs“/ﬁ)]_ s\/s(L—s)(1—sh)

o  2/@—s)@—sh) 1-s)EWh) -a-hKEM)
8h[ Js TIE=hs, \/_)J h(l-h),/sL—s)(L-sh)




((—2h454 + 235" + 4hPs® — 2h%s* + 4h*s® — 12h°s® + 4h®s — 2h® + 4hs + 2h — 2) E(Vh)
+ (h's" = 3h%s" + 4h%s® + 2h%s" — 6h°s® —Ah*s® + 6h°s” + 4h°s + h* — 4hs — 3h + 2) K(\/E))H(h,s, Vh)

I (—h‘?’sg — h?s® + 6h%s? — 3h%s + 2h? — 3hs — 2h + 2) K(Vh)E(Wh)
+ (=h3s® + 3h3s + h%s® — 3h%s® — 3h%s — h? + 3hs +3h —2) K(Vh)? >0 ZRY.



(( 2h*s* + 2h°s* + 4h3s® — 2h%s* + 4h*s® — 12h%s* + 4h®s — 2h* + 4hs + 2h — 2) E(Vh)

+ (h's* = 3h°s* + 4% + 208" — 6h°s® —4h*s® + 6h°s® 4+ 4h*s + h* — 4hs — 3h + 2) K(\/E))H(hs, Vh)
+ (- h’s® — h*s® 4+ 6h*s* — 3h?s + 2h® — 3hs — 2h + 2) K(Vh)E(Vh) Ti(hs, vh)
+ (=h3s® + 3h3s + h%s® — 3h%s® — 3h%s — h? + 3hs +3h —2) K(Vh)? >0 ZRY. 0)1%?0)777

I1(hs, Vh) omsizacshs o & £-ET 5. <




(( 2h'st + 207 st + 4R7s? — 2078t + 47 — 12h7s% + 4h”s — 207 + 4hs + 2h — 2) E(Vh)

+ (h's* = 3h°s* + 4% + 208" — 6h°s® —4h*s® + 6h°s® 4+ 4h*s + h* — 4hs — 3h + 2) K(\/E))H(hs, Vh)
+ (=h*s® — h?s* + 6h*s* — 3h*s + 2h* — 3hs — 2h + 2) K(Vh)E(Vh) T1(hs, vh)
+ (=h3s® + 3h3s + h%s® — 3h%s® — 3h%s — h? + 3hs +3h —2) K(Vh)? >0 ZRY. 0)1;%&0)7 77

I(hs, \/H ) DEMIEATHE - EERRT 5. [Ee

2./2(1—s)(1—sh
0% TI(hs, Vh) oR&cEY, &5 - V2 }S)( N g3, r




(( 2h*s* + 2h°s* + 4h3s® — 2h%s* + 4h*s® — 12h%s* + 4h®s — 2h* + 4hs + 2h — 2) E(Vh)

+ (h's* = 3h°s* + 4% + 208" — 6h°s® —4h*s® + 6h°s® 4+ 4h*s + h* — 4hs — 3h + 2) K(\/E))H(hs, Vh)
+ (=h3s® — h2s® + 6h%s* — 3h?%s + 2h* — 3hs — 2h + 2) K(Vh)E(Vh) Ti(hs, vh)
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Theorem1 LetV >0. There exists a solution of (AP;V), if and only if (V, &) eG,

| .2

where _ Vi & v
G::{(\/,gz):0<52<—2}. | s
T 1

Existence

- V
Moreover, the solution is unique. The solution W (x;V,&*) has properties

0<W(x:V,&2) <V +1  W(V.e)=V+1-V -W|1-x:=, < |
( ) : ( )= [ vv] ./ |

The solution W(xV, gz) is represented by
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\/3h25“ 4(h% +h)s® + (4h? + 2h + 4)s2 —4(h+1)s+3 J3h%s* —4(h? +h)s® + (4% + 2h + 4)s” —4(h+1)s+3

where (h, s)=(h(\/ £%), s(\/, %)) is the unique solution of the following system of
transcendental equatlons

— J2s(1-s)(1-sh) /K (vh) G
St A +h)s + (dh2 +2h+ 4 —4(h+1)s+3 AV 4V 41
2(hs? —sh+1)(hs? — 25 +1)(1—hs?) _ 1 (1-V)@V DV +2)

- = = 3
\/3h234—4(h2+h)s3+(4h2+2h+4)32—4(h+1)s+33 W3 vl

O<h<l O0O<s<l.

Here, sn(-,-),cn(-,-) are Jacobi's elliptic function,
K (-) is complete elliptic integral of the 1st kind.



Theorem1 LetV >0. There exists a solution of (AP;V), if and only if (V, &) eG,

where _ Vi
G::{(\/, £°):0<¢’ <—2}.
T

| .2 -

18 2 _ \

| & —?
Existence

\Y

Moreover, the solution is unique. The solution W (x;V,&*) has properties

0<W(x:V,&2) <V +1  W(V.e)=V+1-V -W|1-x:=, < |
( ) : ( )= [ vv] ./ |

The solution W(X'V gz) is represented by
M 1 G, B -hs)sn 2(K (\h)x, ()+a cn?(K (vh)x, \F)
WOaV,e) = (1-hs)sn?(K (\/n)x,vh) +cn?(K(vh)x,vh)

3th - 2(1+ h)s +1

\/3h25“ 4(h? +h)s® + (4h? + 2h + 4)s? —4(h+1)s+3

—hs® —2(1—h)s+1

\/3hzs4 4(h2 +h)s® + (4% + 2h + 4)s? —4(h+1)s+3

where (h, s)=(h(\/ £%), s(\/, %)) is the unique solution of the following system of

transcendental equatlons
N S-—i_;_,':f. ,7 E

J2s(1-s)(1-sh) /K (vh) ~ £

_

St A +h)s + (dh2 +2h+ 4 —4(h+1)s+3 AV 4V 41
2(hs? —sh+1)(hs? — 25 +1)(1—hs?) _ 1 (1-V)@V DV +2)

- = = 3
\/3hzs4—4(h2+h)s3+(4h2+2h+4)32—4(h+1)s+33 W3 vl

O<h<l O0O<s<l.

POINT : Parameterization for all W
In (A,s) € (0,1)x(0,1)

Here, sn(-,-),cn(-,-) are Jacobi's elliptic function,

K (-) is complete elliptic integral of the 1st kind.



Theorem?2 Let W(x;V,&%) be the unique solution of (AP;V), and

72y . 1 N/ .2 7
m(v,g).:jOW(x,v,g)de,

then

~ ~ ~ 2 ~
m(V,gz)=2V+2—V-m(Vi,§—2j forany V >0, ¢£>0.

In particular, m(1,¢°)=2 forany &>0.



Theorem?2 Let W(x:V,&?) be the unigue solution of (AP;V), and

m(V,&?) = EW(X;\7,52)dx +V,
then 2
m(\7,52)=2\7+2—\7-m£vi,§—2j forany V >0, £>0.
In particular, m(1,¢°)=2 forany &>0.

Moreover, it holds that

7. ey N2 1

3 43
—(hs? = 2(1+ h)s + 3) + 4(1— s)(1 - sh)IT(=sh,~/h)/K (+h)

J3h?s* —4(h? +h)s® + (4h? + 2h + 4)s? — 4(h +1)s + 3
where h=h(V, &%), s=s(V, £2) are given in Theorem 1.
Here, K(-) is complete elliptic integral of the 1st kind,

I'T(-,-) is complete elliptic integral of the 3rd kind.

W24V +1-M(h,s)

M (h, s) =







Bifurcation sheet for (SLP)
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Theorem3 Let V >0 be fixed. It holds that

~ 2 -~ —
MV.E) o for g e(o,ij with V <(0, 1),

oe 2

T
m
A

m(V, ?)
e V e(0,1) be the fixed.

]
NN‘ =
v




Theorem3 Let V >0 be fixed. It holds that

~ 5 ~ s
% <0 for ¢&?¢ (O,LZJ with V e (O, 1),
&

T
m
A

m(V, ?)
I~ V €(0,1) be the fixed.

2

~ 2 -7 ~
oamV, &%) >0 for &le (O,LJ with V e (1, 00)-
T

V e (1, «)be the fixed.
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