BORRAEXRBISIRIEEICDONT

Limiting equation of a cross-diffusion equation ) E &1

Cahn-Hilliard equation M 5E i fi#



cross-diffusion equation
limiting equation as r—o
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プレゼンター
プレゼンテーションのノート
rを∞にした極限方程式とは、
τを未知の定数、ｖを未知の関数として、以下のようになります。
この問題を今後（S）と呼びます。
通常τは与えられているものですが，この問題では，τは未知であります。
第１式は、このτを決定するための，積分制約条件です。
また、パラメータを今後A=a1/a2,B=b1/b2,C=c1/c2と表します。
さらに、B<Cのとき、strong competition , B>Cのときweak competitionと呼んでいます。
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プレゼンター
プレゼンテーションのノート
Ｖ、τはこのように表示されます。�Ｖは、第一種完全楕円積分とｓｎ関数で表され、τは第一種完全楕円積分で表されます。
ただし、パラメータｋ、ｄ２はこの領域内とします。
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Multiply the equation by v, and integrate over [0,x], and
use v,(1) =0, we obtain

av_ |1 (2V3—V2—22V—Ea3—l—a2—|—2705j
dx d,\ 3 3

Substitute x=1

0 =\/d—12(§,83 — fB* —27,8—%053 + o’ +27aj



2 Va —§V2—32V a’ +3a2+37a =0
3d 2 2

. real
the third root v becomes real

v _ V)~ V)

dx
(@< pB<y)

3



dv 2
o E(V—a)(ﬁ—V)U/—V)

integrate

X—F [
V(w— a)(ﬂ w)(y —w)

W= o +(f—a)z?




k::\/ﬂ—a 7/—05.)(:-“\/;3 dz
y - 6d, ° \/(1—22X1—k222)
| substitute x=1,v=2
v —
= K(k
Vg - KG9

o — %—ZdZK(k)Z(kZ +1)

1

.

=5+ 2d,K (k)*(2k? —1)

w

a+pP+y=— : 7/=%+2d2K(k)2(2—k2)

N




< “m—zle—wzz)
e = =y
K(k)x:sn-{\/;__‘;‘[,k)
(K% k)= =

v(x;k,d,)=a+ (B —a)-sn*(K(k)x, k)




2
3ad,

o

(v 3\ _3y—gf
2

N

a’ Braj

=0

a, [, v real roots

afl+ By +ya=-—-3T

—%((Zﬂhﬁy + yor)

a =§—2d2K(k)

¥ :§+2d2K(k)

1

1

!B :§+2d2K(k)2

“(2-k?)

1

2(k2+1)

(2k2 —1)







1 1 (d
ﬂvdx:fv [d\)jj v

dv
dx

—v)(y —V)

11 /3d2 )i dv
0y 2 av\/(v—a)(,B—V)(j/—V)




—V)(y V)

11 3d, ¢ dv
I—zdxz\/ J. =
0y 2 Yoy \/(V—Ot)(ﬂ—V)(J/—V)




2
a (k.dy) = { 3{4a(a—1)(k* —k? +1) —3k2}21_{3(1_ 2a)kK k}

20 (k2 +1)
+2a(k? +1)(20k? —4a +3)
[4a(4ac, — o —3c)k* +{38+4(2¢c, +Da’
—4(3c, +DaYk® —4(2c, +)a’ +4a]K (k)
—6a(2a -1)(k* +D{4a(a-1)(k* —k* +1) —3k2}E(k)}

/{8a(k2+1)2((4a—3)k2—2a)

) 31-2a)k?
(2(k 2)a+3)H( D kj}

[y

O .O5

where

a = %—2d2(k2 + 1K (K)?

d=
[ - Sy

[ I ey



プレゼンター
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ABRSTRACT. YWe Investigate stationary solutions of the one-dimensional Caho-
Hilliarad eguation with the diffusico coefficient and the total mass of the density
as two given parameters, We solve the egoation completely in the wluole parvam-
eter space by wsing the Jacobi elliptic functions and complete elliptic integrals.
In addition to counting the stationary solutions, which was studied by SGonfeld
and MNovick-iCohen, we provide an exact expression of the solutions. We al=o
illustrate global bifurcation disgrams topether with the asymptotic behavior of
the solutions as the diffusion coefficient wvanishes,

1. Introduction. We study the following non-local 2nd order nonlinear differential

aquation:
idgu ~ .
o {x) + fFlulx)) —a =0, x o= (0,10,
faiTs -
—(z} =0, x =101, (1)
o i ]
R = f wix)ldr, a= f flulz)) d=,
O Jo

-t

where £ is a pozitive parameter and f iz the cubic polynomial
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where ¢ is a positive parameter and [ is the cubic polynomial

flu)i=u—u,

The above equation is known as the stationary equation of the one-dimensional
Cahn-Hilliard equation in the interval (0,1); that is, a solution to (1) gives an
equilibrium solution to the Cahn-Hilliard equation. This equation ig studied in an
extensive literature including [1], [2], [3], [4], [5], [9], and [10]. Among other things,
Grinfeld and Novick-Cohen [5] determine the number of solutions to (1) for every
(m,e). They reduced the problem to a system of two equations for two unknown
parameters and counted solutions to the system by applying some topological argu-
ment, called the transversality argument. From their result we can easily see how
the solution bifurcates as (e, £) varies.

On the other hand it might be nice to obtain an explicit form of each solution to
(1) for every (m, ). Indeed if a solution to (1) has an exact analytical expression,
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where ¢ is a positive parameter and [ is the cubic polynomial

fu) = u—u’.
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22 (@) + f(u@) —a =0, r € (0,1),
d
) = x=0,1, 1
<d&,()1 (1)
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where £ is a positive parameter and f is the cubic polynomial

flu) i= u — us.
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4 jg:—u(x):ﬂ, = 0,1, (1)

1 1
e = f w(z)dz, a= / flu(x)) dz,
\ ] <0
where £ is a positive parameter and f is the cubic polynomial

flu) i= u — us.

Proposition 1. Giéiven € > 0 andme > 0, the non-local equation (1) has a rmonotone
increasing solution w(x) if and onfy if (h, s) safisfies the egquation

g = ECh,3), = M(h,s), (h.=)E 10,1) 3 O, 0 R=, (2)
where
o V250 — 5)(A — sh)/ K (V)
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KATE 5 —(Fa? — L+ s 3 Al)l.— 8] — shITI(—sk, «/E}/K(JE}_ @)

/3hZ2s% — A(AZ + A)s3 + (4R2 + 2h + 4)s2 — 4(1 + A)s + 3

For the solution (h,s) the eguaition (1) has a monotone increasing solution in the
fori
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Proposition 1. Geern = = 0 and e = O, the non-focal eguation (1) has a rrornotone

irtcrecsing solution wix) iFf and only if (h, s) saofisfies the eguation

— g(h‘: S}: = M(h,S}, (ha S} = {Oa 1} >< (Da 1} L RQ? (2}
werdrere
251 — ) (1 — sh)Y/ K {WVR)
BB i A —a(h® & h)=® - (4h® t2h t D= — 40l ~ o= 7 5" =
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Figure 1 shows the region of (i, ) where (2) has solutions.
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FIGURE 1. The region where (2) has solutions.
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Analyzing (3) and (4), we can prove the following result which gives the number
of the solutions to (2).

THEOREM 1.1. Put

/1 —382/7, £e[0,1/4/3),
n0(&) 1= {0: £ e [1/\/?1 1]. (6)

There exists a monotone decreasing continuous function n: [1//5,1] = £ — n(&) <

BB, 1] abisfying w(E) —n(E) ab & € LI/VEL} wndn(E) = my(l) for £
(1/+/5,1) such that solutions (h,s) of (2) exist if and only if

(m,e) €{(m, ) : 0 < & < no(m), 0 <m < 1/v5}
U{(m,e): 0 << nlm), 1/V5 <m<1).

The number of the solutions depends on (m, e) as follows. If € € (0,m0(m)) for each
m € [0,1/+/3] the solution is unique. If € € (no(m),n(m)) for each m € (1//5,1)
the equation (2) has two solutions. If € = ng(m) for each m € (1/v/5,1/V/3) or
g =n(m) for each m € (1/v/5,1) the solution is also unique.



PROPOSITION 1.2. Let (h,s) = (h(m, ), s(m,c)) be the unique solution to (2) for

g€ (0,v/1 —3m2/7m) and m € [0,1//3). Then

lim A(m,e) = 1, lim (e, ) = 1,

el0 e]0

fim o, ), 50m2)) = —1, lim B(hGm, ) s ) =1 (D)
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m—/ v)dx, a—/ flu(z)) dz,
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where ¢ is a positive parameter and f is the cubic polynomial

flu) :=u—u.

ProprosiTioN 1.1. Gliven ¢

=
(=3

> 0 and m > 0, the non-local equation (1) has a
monotone increasing solution w(x) if and only if (h,s) satisfies the equation

e=E&(h,s), m=MI(h,s), (h,s) € (0.1) x (0,1) C R? (2)
where
2s(1 — s)(1 —sh)/K(Vh
) e VI T/ K (/) .
V3h2st —4(h2 4+ h)s3 + (4h2 +2h +4)s2 —4(1 + h)s + 3

M(h.s) —(hs? —2(1+f2)9+‘3)+4(1 — 5)(1 — sh)ITI(—=sh.vh)/K(Vh) (4)
,8) = :
" V3hZst —4(h2 4+ h)sP + (4h2 +2h +4)s2 —4(1 + h)s + 3

For the solution (h,s) the equation (1) has a monotone increasing solution in the

form

u(z) = B(h,s)(1 — hs)sn?(K(Vh)x, Vh) + a(h, s) en®(K (Vh)z, V) (5)
/ (1 — hs)sn2(K (Vh)x, vVh) + cn2(K (Vh)x, Vh)

2(hs? — 2sh +1)(hs®* — 25 +1)(1 — hs?)
a =
V3h2st — 4(h? + h)s3 + (4h2 + 2h + 4)s2

—4(h+1)s + 3



B d?u
T da?

() + f(u(x)) —a=0. re (0,1),
du
—(;_) :0 I=01 (1)
da L .
m o= / u(x)de, a= flu(x)) de,
S A1)
where ¢ is a positive parameter and f is the cubic polynomial

flu) = u—u’.
9.3 Derivation of exact solutions

Assume that u = u(z) is a monotone increasing solution to (1). Multi-
plving the differential equation in (1) by du/dz and calculating integra-

tion., we have

duN} F
(5) — Qiléj ’ F(H] = '1!-4 — 2']‘_!-2 4 dau L+ p (12)

for some constant p € R.
Let e := u(0) and 5 := u(1). It then follows from
du/dz(0) = du/dz(1) =0
that
Fla) = F(p)=0.
Thus
F(u) = (u—a)(u — 8)Fi(u).

where Fj(u) is a quadratic polynomial.



F(u) :=u*—2u* +4au+p

Thus
Fu) = (u— a) (e — B)F (),
where F}(u) is a quadratic polynomial.
Using F'(u(x)) = 0 and the continuity of w(x) for =, we have
Fi(u) < 0 for all v € (e, 8).
Hence there exist v and & such that
Fi(v) = Fi(5) =0 and vy < a < § < &.

Consequently,
Flu) = (u—a)(u — SB)(u —v)(u—9), y=a<B =94

a+B8+7+56=0, a(B+v+6)+ B(y+95)+ o= -2,

By + G0 + ady + Body = —da, aFvyo = p.



Since

du  /F(u)

dr D=

we have

Tr = /H{T} v2e du
o Ve —a)(u—8)(u—~)(u—34)

Here we notice v < e« << 3 << & by the fact that the integral must be fimite.

Changing the variable

y YB—a)T? —a(B—v) 1:
S 7 e ey - e e o

vields

24/ 2= / ViD= 1 d
e "_'||_I|
V(6 —a)(B —) V1 — k27241 — 72

where

(B —a)(5 —7) 1
(F="G—a) o



[.li TiulE)—a)

D/ 2=

where

(B—a)(é—7)
(B =)0 —a)

Taking u(l) = 5 into account, we obtain

_ DD
V(0 —a)(B —7)

;J:

K (k).

Thus, we get

(B—rilulx)—co)

(F—oi(u(z)—r)" 1
Kik)x =/ — dT.
0

V1 — k21241 — 72

which 1imphies

e — a1 (B =) —a)
ke = (\/(d — o) (u(z) — )’ k)

sn( K (k)x, k) = \/Ej : ;)]Ezli:‘i)} i ‘i"j

Hence, we have

/ (F—ax){u(z)—p) " 1
V(6 —a)(B —7) V1 — k2121 — 72

(14)



Hence, we have

e B =7)(u(z) —a)
sn( K (k)x, k) = \/{.3 o) (u(z) — )



Hence, we have

sn( K (k)x, k) = \/

Therefore, we obtam

(8 —7)(u(z) — a)

(8 —a)(u(x) —v)




The integral (1) are also expressed by the Jacobi elliptic integrals with

e, 3, v, and 4. Substituting (13) into 1t leads us to

Bt ﬁf Yo

_ 5. 2la — Pl k) 2~ K (k)
v { V(6 —a)(B—7) N V(e —a)(B — ,ﬂ} -‘

where v = — (8 — a) /(8 — ) and k is the same as in (14).
In consequence, if v is a monotone increasing solution to (1), then it is
written in the form (15), where «, 3, v, 8, k, v, £, m, a, and p satisfy
v < o << 3 < 8,
a+B8+v+6=0, a(+v+9)+58(y+3d)+ v = -2,
a = —(afvy + afféd + ady + Bdvy) /4, p= a3~d,

E=\(B—a)d—7)/(B—7)0—a), v=—(8—a)/(8—7),
e =(6 —a)(B —7)/2V2K (k),

2(cx — ) 1(v, k) 2v K (k)
e = ' 2s .
V2 { V(6 —a)(B —) - V(6 —a)(B —) }




vy << 3 <0,

a+pB+7+0=0, a(f+v+8)+B(y+3)+vy0=-2,

k=vVB—a)B-1/B-70—-a). v=—(8-a)/(B—7),



vy << 3 <0,

a+pB+7+0=0, a(f+v+8)+B(y+3)+vy0=-2,

k=vVB—a)B-1/B-70—-a). v=—(8-a)/(B—7),

Put b = k* and s = —v//k*. Then the above relations allow the following

explicit expressions with respect to (A, s):



v< <3<,

atB+7+5=0, a(B+7+8)+pB(y+0)+7d=-2

E=\(B—-a)d—7)/(B=7)0—-0a), v=—(B—a)/(B-"7),

Put h = k* and s = —v/k“. Then the above relations allow the following

explicit expressions with respect to (A, s):

3hs? —2(1+h)s+1

v V3h2st —4(h? + h)s® + (4h2 +2h + 4)s2 —4(h 4+ 1)s + 3

; —hs?—2(1 —h)s +1

T BREST AR )P+ (AR +2h+ )2 —A(h+ 1)s+ 3
—hs* +2(1+h)s —3

-""-I.'
]

~ /3h2st —A(h? + h)s® + (Ah2 + 2h + A)s? —A(h+ 1)s + 3
5 —hs* +2(1 —h)s+ 1
V/3hZst —A(h? + h)s® + (4?2 +2h + 4)s? —4(h + 1)s + 3




a=—(afy+afd+aby+ )[4, p=abys,
= VG —a) (B — 1 /2VIK(K).

2w — ~)TI(e, o) Oy I (Fe)
_ 5 .
e MIVE —B -7 Ve —-—o0F =

Conversely, if there exists a solution (k, s) to (2), then it follows from

a straight calculation that (15) is a solution to (1).



a=—(afy+afd+aby+ )[4, p=abys,
e = (6 — a)(8 — v)/2vV2K (k),

2(ex — y)II(z, k) D~ (K
. — 42 -+
. VIO — a) (B — ) V(e — a)(8 — ) }

3hs? —2(1 + h)s + 1

T RS ARt S~ (ARt 2h+ 0 —A(ht )s 13 (16)
5 —hs? —2(1 — h)s + 1 _ a7
' V3h2st — 4(h? + h)s® + (4h? +2h +4)s2 —4(h + 1)s + 3
. —hs? +2(1+h)s—3 . (18)
b \/BhEst —A(h2 + )P + (Ah? + 2h + 4)s? —4(h + 1)s + 3

—hs® +2(1 — h)s + 1 (19)

4§ = ;
V3h2st —4(h? + h)s3 + (4h2 + 2h + 4)s? —4(h + 1)s + 3

Conversely, if there exists a solution (k, s) to (2), then it follows from

a straight calculation that (15) is a solution to (1).



a=—(afy+afd+aby+ )[4, p=abys,
e = (6 — a)(8 — v)/2vV2K (k),

2(ex — y)II(z, k) D~ (K
. — 42 -+
. VIO — a) (B — ) V(e — a)(8 — ) }

3hs? —2(1 + h)s + 1

o = : - - : . (16)
V3h?st —A(h? + h)s® + (4h? +2h +4)s? —4(h + 1)s + 3

5 —hs? —2(1 —h)s + 1 _ a7
' V3h2st — 4(h? + h)s® + (4h? +2h +4)s2 —4(h + 1)s + 3

L —hs? +2(1 +h)s —3 _ (18)
J \/3.’1234 —4(h%2 4+ h)s® + (4h?2 +2h +4)s2 —4(h + 1)s + 3

—hs? +2(1 —h)s + 1 (19)

4§ = ;
V3h2st —4(h? + h)s3 + (4h2 + 2h + 4)s? —4(h + 1)s + 3

V2s(1 = s)(1 — sh)/K(v/R)

T v/ 3h?s* — 4(h? + h)s® + (4h2 + 2h + 4)s2 —4(1 + h)s + 3’ (20)
I —(hs? —2(1 4+ h)s +3) +4(1 — 5)(1 — sh)II(—sh, \/E)jr;{(vﬁ)-
V' 3h2st —4(h? + h)s® + (4h2 +2h +-4)s? —4(1 + h)s +3
(21)
. 2(hs?* — 2sh + 1)(hs* — 25 + 1)(1 — hs?)

/32t A2 1 h)s + (Ah2 1 2h + )2 —A(h + D)s + 3
p=(3hs® —2(1 + h)s + 1)(—=hs* —2(1 — h)s + 1)(hs®* —2(1 + h)s + 3)

(hs? —2(1 — h)s — 1)(3h%s* —4(h% + h)s® + (4h? + 2h + 4)s% — 4(h + 1)s + 3) 72,

and (h S} = ({] J.j X {D . 1 ;| Thus we obtain {::_'.}Jl . Conversely, if there exists a solution (k, s) to (2), then it follows from

a straight calculation that (15) is a solution to (1).
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