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Introduction: Elliptic Inverse Bifurcation Problems

We consider:

—Au+ f(u) = Iu in Q,
u > 0, in Q, (1.1)
u = 0 on 0f.

-Q cRY: appropriately smooth bounded domain.

* A > 0: a parameter.

We assume that f(u) is unknown to satisfy the conditions (A.1)- (A 3):
(A.1) f(u) is a function of C! for u > 0 satisfying f(0) = f/(0) =

(A.2) f(u)/u is strictly increasing for v > 0.

(A.3) f(u)/u — oo as u — oo.
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Examples of f(u) which satisfy (A.1)—(A.3)

flu) = w” (p>1),
flu) = W’ +u™ (p>m>1).
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Inverse bifurcation problems in L

The First Purpose

We study inverse bifurcation problems of in Li-framework (1 < g < 00).

In particular:

* From mathematical point of view, since (1.1) is regarded as an

eigenvalue problem, it seems natural to treat it in L2-framework.

» From biological point of view, if f(u) = u?, then (1.1) is the model
equation of population density of some species. Therefore, it seems also

important to treat it in L'-framework.
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Li-Bifurcation Curve

(1) Let1 < g < oo be fixed. Let || - ||, be L9-norm. For any given

« > 0, there exists a unique solution pair

()\,’LL) = ()‘(Qa O[),ua) € R+ X C2(Q)
such that

[uallq = o

(2) The following set gives all the solutions of (1.1):

{(Mg,a),uq) : >0} C Ry x C*(Q)
(3)
AMg,a) > A1 (a— 0, A\p: the first eigenvalue of — Ap),

Mg, ) /oo (a0 — 00).
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Li-Bifurcation Curve

A
A= A(a)
A1
a
O
Fig. 1
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L2-Framework

L2-framework

Let f(u) = fi(u) and f(u) = fa(u) be unknown to satisfy (A.1)—(A.3).

Furthermore, let
Fj(u) ::/0 fi(s)ds (j=1,2).

Assume that F} and F5 satisfy the following condition (B.1).

(B.1) Let
W:={u>0:Fi(u) = Fa(u)}

Then W consists, at most, of the (finite or infinite numbers of) intervals

and the points {u,}>2; whose accumulation point is only co.
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Theorem 1.1

Theorem 1.1.(S, 2009) Assume that fi and fa are unknown to satisfy
(A.1)-(A.3) and (B.1). Furthermore, if N > 2, then assume that f; and
fa satisfy the following (A.4).

(A.4) For u,v >0,

Fj(u+v) < C(Fj(u) + F(v)) (= 1,2).
Suppose
A(2,a) = Xa(2,)  for any o > 0.

Here, \j(2, ) is the L?-bifurcation curve associated with f(u) = fj(u)
(j =1,2). Then fi(u) = fa(u) for u > 0.

The proof depends on the variational method.
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Proof of Theorem 1.1 for N =1

Proof of Theorem 1.1

Variational Structure: Critical value C}(«) and Cy(a).

For simplicity, let Q = I = (0,1). For j = 1,2 and v € H{(I), let

5 0) = 31015+ [ B (12)

For a > 0, we put

My = {ve HYI) : |lv||l2 = a}.
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Proof of Theorem 1.1

For 7 =1,2 and a > 0 we put
Cj(a) :=min{®;(v) : v € My}. (1.3)

Existence of unique positive minimizer

By taking a minimizing sequence, Lagrange multiplier theorem and strong
maximum principle, there exists a Lagrange multiplier A;(«) and a unique

minimizer u; € M, which satisfies (1.1) with f = f;.
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Proof of Theorem 1.1

The relationship between C;(a) and \;(«)

By direct calculation, we obtain

dCj(a)
do

= 2)\j(a)a.

By this, we obtain
Lemma 1.2. C)(a) = Ca(«) for o > 0.

Proof. Since C1(0) = C3(0) = 0, we obtain,

Ci(e) = /Oa

_ / " 9hg(s)sds = Ca(a).

Ci(s)ds = /Oa 2X1(s)sds

&=
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Proof of Theorem 1.1

Proof of Theorem 1.1

Clearly, 0 € W, where
W:={u>0:Fi(u) = F(u)}.

(a) Assume that 0 € W is contained in the interval [0, €] for some

constant 0 < € < 1. This implies that for 0 < u < ¢,

Fl(u) = Fg(u)
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Proof of Theorem 1.1

Let K be a connected component of W satisfying [0,¢] C K. Then
K =[0,u;]. If up < oo, then without loss of generality, by (B.1), there
exists a constant 0 < € < 1 such that

Fi(u) = F(u) (0<u<w),
Fi(u) < Fy(u), (up <u<wui+e).

Now we choose o > 0 satisfying

”UZOC ’oo = uy1 + €.
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Proof of Theorem 1.1

Then

Ci()

IN

1 1
Bi(u20) = 5lsal + [ Fiuza(®)i

1 1
< Slsali+ [ Faluna(o)i
0
= Oy(uga) = Ca(a).
This contradicts Lemma 1.2. Therefore, we see that u; = oo and

K =[0,00). This implies F}(u) = F»(u), and consequently,
fi(u) = fa(u).
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Proof of Theorem 1.1

(b) Assume that 0 € W is an isolated point in W. Then by (B.4), without

loss of generality, there exists a constant 0 < ¢ < 1 such that
Fy (u) < FQ(U)

for 0 < u < e. Then by the same argument as that in (a) just above, we
can derive a contradiction. Therefore, the case (b) does not occur.

From (a) and (b), we obtain our conclusion. O
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Asymptotic oscillating length of bifurcation curves

We consider the following nonlinear eigenvalue problems

—u"(t) = Xu®)+g(u®)), tel=:(-1,1), (2.1)
u(t) > 0, tel, (2.2)
u(—1) = wu(l)=0, (2.3)

where g(u) € C(Ry) and A > 0 is a parameter.
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oscillating bifurcation curve

It is well known (cf. [T. Laetsch, 1970]) that, if, for example,
u+g(u) >0 for u>0,

then by time-map method, we find that A is parameterized by using

a = ||ul|so, such as A = A(«) and is a continuous function of o > 0. Since
A depends on g, we write

A= A(g, ).

One of the nonlinear terms g(u) we are interested in is

g1(u) = sin/u.
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oscillating bifurcation curve

In this case, the equation (2.1)—(2.3) has been proposed in Cheng (2002)

as a model problem which has arbitrary many solutions near A = 72/4.

Theorem 2.0 ([Cheng, 2002]). Let g(u) = sin/u (u > 0). Then for
any integer r > 1, there is § > 0 such that if X € (A\y — , \1 + ), then
(1.1)—(1.3) has at least r distinct solutions.

2019/5/12 19 / 76
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oscillating bifurcation curve

* Certainly, Theorem 2.0 gives us the imformation about the solution set
of (2.1)—(2.3), and we expect that A\(«) oscillates and intersects the line

A\ = 72 /4 infinitely many times as a — oo.

* So we expect that the bifurcation curve for g1 is as follows.
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Structure of the bifurcation curve for g(u) = sin /u

7r2/4 ----------------------------------------

bifurcation curve for \(g, @) with g(u) = sin/u
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Structure of the bifurcation curve for g(u) = sin /u

* The first purpose here is to prove the expectation above is valid.

* Precisely, we establish the asymptotic formula for A(g, ) as a — o0,
which gives us the well understanding why A(g, ) intersect the line

A = 72 /4 infinitely many times.

* We also obtain the asymptotic formula for A(g, ) as a — 0. These two
formulas clarify the total structure of (g, «).
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Asymptotic length of bifurcation curve

We also consider the asymptotic length of A\(g, ) (« > 1) defined by

2c
L(g,a) := V14 (N(g,s))?ds. (2.4)
«
In particular, we are interested in g(u), which satisfies
L(g,a) = a+o(a), (a— 00). (2.5)

This notion will be used to propose a new concept of inverse bifurcation
problem.
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Global behavior of bifurcation curve for g(u) = sin\/u

Theorem 2.1. Let g(u) = g1(u) = siny/u. Then as a — oo,

2
Mg, ) = % — 132075/ cos <\/a - iﬂ') +o(a™%%), (2.6)

)\/(gl, a) = %773/204_7/4 sin <\/a — iw) + o(a_7/4), (2.7)

L(g1, o) = 410 <1 — M) a2 4 o(a™%?). (2.8)
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Local behavior of bifurcation curve for g(u) = sin /u

Theorem 2.2. Let g(u) = g1(u) = sin/u.
(i) As a — 0, the following asymptotic formula for A(g1, ) holds:

3 3
Mg, a) = Zc%\/a+50102%0(0}”/2), (2.9)

where

! 1 3 M 1-42
C ::/ s, Cy:= —/ R — 2.10
' 0 V1—s%2 ’ 8Jo 1—s3/2 (2.10)
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Local behavior of bifurcation curve for g(u) = sin /u

(ii) Let vo be a unique classical solution of the following equation

_ol(t) = %C’%s/vo(t), tel, (2.11)
vo(t) > 0, tel, (2.12)
vo(=1) = wp(1) =0, (2.13)

Furthermore, let vy (t) := ua(t)/c. Then vy — vy in C?(I) as a — 0.

* For the uniqueness of the positice solution of (2.11)—(2.13), we refer to
A. Ambrosetti, H. Brezis, G. Cerami (1994).
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Structure of the bifurcation curve for g(u) = sin /u

7r2/4 ----------------------------------------

bifurcation curve for \(g, @) with g(u) = sin/u
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Oscillating bifurcation curve

The other nonlinear terms we treat in this talk are

1
g2(u) = 5 sin u, (2.14)
g3(u) = sinu?. (2.15)

We know that the shape of A(g2, ) is something like Fig.2 below.
A

2 /4

72 /6

Fig. 2 @
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= lginy

Structure of the bifurcation curve for g(u) = 3

Theorem 2.3. Let g(u) = g2(u) = (1/2)sinu. Then as o — oo

w2 m us 1
AMge, ) = T 20\ o St (a — 47T> +0(a™?),
T |7 ™
N(g2, ) = 50\ 25 8 (a - Z> + o(a™3/?),
3
a2t o(a™?)

L(g2, ) = a—|—2—56a

(2.16)
(2.17)

(2.18)
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Global structure of the bifurcation curve for g(u) = sin u?

Theorem 2.4. Let g(u) = g3(u) = sinu®. Then as a — oo,

2 3/2
Ags, ) = T T 4 %cos(a?— §7T +o(a™?), (2.19)
4 2 4
3/2
N(gs,a) = “—sin <a2 - 277> +o(a™h). (2.20)
«
3
L(gs,a) = a+ 5o +o(a™h). (2.21)
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2

Local behavior of the bifurcation curve for g(u) = sinu

Theorem 2.5. Let g(u) = g3(u) = sinu?. Then as a — 0,
21 1 1
Mgz, ) = T _ —mAia+ [ A2+ —71Ay ) a® +o(a?), (2.22)
4 3 9 6
where
LR 1 (1-—s%)?
= [ ot A [ a0
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2

Structure of the bifurcation curve for g(u) = sinu

o

bifurcation curve for \(a) with g(u) = sinu?
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Inverse problem A

Inverse problem A

Assume that
geN:={geCRy): \g,a) = 1%/4 as a — oo}
satisfies
L(g,a) = a+o(a), (a— o0). (2.24)

Then is it possible to distinguish g from g; (i = 1,2,3) by the second
term of L(g,a) ?
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Inverse Problem A (Weak Version)

= This approach for inverse bifurcation problem seems to be new, and it is
significant to consider whether this framework is suitable or not, since a

few attempts have so far been made.

* We restrict our attention to the 'monotone’ nonlinear terms and make

the simple approach to Inverse problem A.

Inverse Problem A (Weak Version)

Assume that g(u) € C1(R; ) satisfies the following assumption (C.1).

(C.1) g(0) =4'(0) =0, ¢'(u) >0 for u > 0 and g(u) = Cu™ for u > 1,
where C' > 0 and 0 < m < 1 are constants.

Tetsutaro Shibata (Hiroshima University) Direct and Inverse Bifurcation Problems Il 2019/5/12 34 /76



Graph of A(g,a) (g(u) is "monotome" type)

Mg, @)

o (0%

bifurcation curve for g(u) ~ Cu™
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Answer to Inverse Problem A

Theorem 2.6. Let g(u) satisfy (C.1). Then as a — oo,

22m—3 —1

L(g,a) = a+ mA(m)%vsz?’ +o(a®™73),  (2.25)
w2 ™
ANg, o) = T s 1CC(m)am_l + o(a™™1), (2.26)
N(g,a) = —Z _T_ 1%00(771)0/”_2 + o(a™™?), (2.27)
where
_ (1=m)mCC(m) P 1—mtd
Ay s= EIEECI) ) /0 Tl (229
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Answer to Inverse Problem A (Weak Version)

1
g1(u) = sinvu, go(u) = 5 sinu,  gs(u) = sin u?,
and g(u) is a "monotone type” (0 < m < 1). Then
1 1
L(gi,a) = a+ 10 1- 4\/§> a™?? 4 0(0475/2)7
Ligna) = a+ora+oa?)
a) = a+-—a« o(a
92 256 ’
7T3 1
L(gs,0) = a+ ga_l +o(a™),
22m—3 -1
L(g, a) = o+ mA(m)QQQm—f} + O(Oé2m_3).

* We can distinguish ¢ and g3 by the second term of L, but if we
put m =1/4 in L(g1,a), m =1/2 in L(g2,«), and choose C suitably,

we can not distinguish ¢ and g1, go by the second term of L.
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How to prove these Theorems

Proof of Theorems
= Time map

+ Asymptotic formulas for some special functions.

* The proofs of the Theorems in this section basically depend on the
time-map argument. In particular, the key tool of the proof of Theorem
2.1 is the asymptotic formula for the Bessel functions obtained by Krasikov
(2016).
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The case g(u) = sinu? and o > 1

In this section, let g(u) = g3(u) = sinu? and a > 1. For simplicity, we
write A = A(a). For u > 0, let

G(u) = /Ou g(s)ds = /Ou sin t?dt = \/§S(u), (3.1)

where S(u) is the Fresnel sine integral defined by

S(u) = \/z/ousin:ﬁdx. (3.2)

Further, let C(«) be the Fresnel cosine integral defined by

Cla) = \/Z/(;QCOSIIZde. (3.3)

Tetsutaro Shibata (Hiroshima University) Direct and Inverse Bifurcation Problems Il 2019/5/12 39 /76



The case g3(u) = sinu? and o > 1

Then we know (cf. [I. S. Gradshteyn and I. M. Ryzhik (2015), pp.
898-899]) that as o — oo,

S(a) = %— \/;Tmcos%+0(a—2), (3.4)
Cla) = ;+\/217Tasin2a+0(a_2). (3.5)
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The case g3(u) = sinu? and o > 1

It is known that if (ua, A(a)) € C%(I) x Ry satisfies (2.1)—(2.3), then

Ua(t) = ug(—t), 0<t<1, (3.6)
uq(0) = _max, uq(t) = a, (3.7)
ul (t) >0, —-1<t<0. (3.8)
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Time map \(g3,): (g3(u) = sinu?)

By (2.1), we have

{ug(t) + A (ua(t) + sin ua(t)> } ul () = 0.

By this, we obtain

; (1) + A ( W82 + G(ua(t))) — constant = A <;a2 + G(a)> .

This along with (3.8) implies that for —1 <t <0,

= VA2 —ua(t)? + 2(G(e) — Glua(t))). (3.9)
For 0 < s <1, we have
G(a) — G(as “ g(t)dt a(l —s _
‘ 5)42)(1 - 5(2) ) - agglg()sz) oz2gl sg) o™ (3.10)
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Time map \(g3,): (g3(u) = sinu?)

By (3.9), (3.10), putting s := us(t)/a and Taylor expansion, we obtain

o ()
A= Ve w26 ey O

/ V1-5242(G(a) — G(as))/a?
1
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Time map \(g3,): (g3(u) = sinu?)

We put

K:

L G(a) — Glas
Aéﬁﬂ%¥)m. (3.12)

Lemma 3.1. As o — oo,

K= \/;(1 +o(1)) cos <a2 — iw) . (3.13)
Proof. For 0 < 0 < 7/2, we put
Mwy_am—emg_/ sin 124, (3.14)
asin

We put s =sin@ in (3.12). Then by (3.1), (3.14) and integration by parts,
we obtain
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Time map \(g3,): (g3(u) = sinu?)

/2 1
/O M ()0 (3.15)

/2
= [tan «9M(0)]6r/2 + a/ tan @ sin(a sin 0)? cos Adf
0

K1 +04K2.

Since

() . acosfsin(asin§)?
i = lim
6—r/2 cosf  6—m/2

o 0, (3.16)

we see that K1 = 0. Now we calculate K>.
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Time map \(g3,): (g3(u) = sinu?)

/2
Ky = / sin @ sin(asin 0)2df (3.17)
0
w/2
= / sin @sin(a? — a? cos® 0)dh
0
/2
= sina? / sin # cos(a? cos® 0)df
0

w/2
— cosa? / sin @ sin(a? cos® §)df
0

= Kyisin a? — K99 cos a?.

By putting ¢ = cos 6, we obtain by (3.5) that as a — oo,
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Time map \(g3,): (g3(u) = sinu?)

a

T 1
\/;2&(1 +o(1)).

By the same calculation as that to obtain (3.18), we obtain

1 1 a
Ky = / cos(a2t2)dt:/ cos z2dx (3.18)
0 0

al 2

1
Ko = / n(22)dt = — 4/ =8(«) (3.19)
—(1+of

By (3.17)—(3.19), we obtain
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Time map \(g3,): (g3(u) = sinu?)

1
2
VT
2
VT
2

(1+ o(1))(sina? — cos a?) (3.20)

| X

(1+0(1)) sin <a2 - iw>

(1+o(1)) cos (a2 - Zw> .

This implies (3.13). Thus the proof is complete.

By Lemma 3.1 and (3.11), we obtain A(g3, @).

48 / 76
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Asymptotic length of bifurcation curve: g3(u) = sin u?

How to obtain L(gs3, ).

2a 73 3r
L(gs,a) = / 1+ t—2(1 +0o(1)) sin? <t2 — 4>dt (3.21)
«
2a 3
B 7r . of,n 3
= /a 1+2—t2(1+0(1))sm <t - 4> dt
73 2 /6in2t2 cos?t?  2sint? cost?
Clearly,
2a 242 2 42 2
sin“t cos“ t 1 1
dt = —dt = —. 3.22
/a < t2 + t2 > /a t2 20 ( )

Furthermore, Then by integration by parts, we obtain
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Asymptotic length of bifurcation curve

2a s 42 2 200 3 9 2
2sint® cost g = sin(2¢ )dt (3.23)

2v2a sin 22
- \/i/\/ia 2

[yt 22 [t

23

1 1
= ———cos(8a?) + — cos2a? + O(a™?).
3208 403

Thus the proof is complete. O
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The case g(u) = uPsin(u?) (0<p<1,0<q<1)

Now we consider the precise asymptotic formulas for A(a) as o — oo for
g(u) =uPsin(u?) (0<p<1,0<qg<1).

We prove the following Theorem 3.1 by the time-map argument and the
stationary phase method. We have to be careful about the regularity of

the functions which will be appear after the time-map argument.

Theorem 4.1.([S, 22]) Let g(u) = uP sin(u?), where 0 < p < 1 and

0 < g <1 are fixed constants. Then as o — o0,

2 3/2
AMa) = KL s P (aq _ %) + O(apflf(q/Q))' (4.1)

4 V2
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Local behavior of A(«)

Next, to understand the whole structure of \(«) in detail, we establish the

asymptotic formulas for A(a) as o — 0.

Theorem 4.2.([S, 22]) Let g(u) = uP sin(u?), where 0 < p < 1,
0 < q <1 . Then the following asymptotic formulas hold o — 0.

(i) Assume that p+q > 1. Then

71_2

Ma) = - Aot 4 (A2 4 Agm)aPPrat) (4.2)

where
1 L1 gptatl
A = d 43
! p+q+1/0 (1— 232" (43)
3 La- sptatl)2
Ay = ds. 4.4
2 2(p+q+ 1)2/0 (1 - 82)5/2 S ( )
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Local behavior of A(«)

(ii) Assume that p+q = 1. Then

71'2 s

Ma) = 5 + @Boﬂq + o(a??), (4.5)
where
1 1 1— 82q+2
B= ds. 4.6
q+1/0 (1— 5232 (4-6)
(iii) Assume that p+q <1 < p+ 3q. Then
1
AMa) = %al—p—q (4.7)
1
X {012 _bratl (2] + C1Ca! P77 4 o(alpq)} ,
where
1 1 1 1—s2
@ = /0 - 5p+q+1d8’ 2= /0 (1 — sptat1)3/2 o (48)
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Local behavior of A(«)

(iv) Assume that p+ q < p+3q < 1. Then

1
Ma) = %al—p—q (4.9)
+q+1
<{ot+ i oot ot}
L1 — gpt3e+t
Cy = /0 T (4.10)
(v) Assume that p+q <p—+3qg=1. Then
1
Ma) = %a% (4.11)
1
x {012 e o(a2q)} ,
1 1— 52
Cy = /0 = Sp+q+1)3/2ds. (4.12)
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Local behavior of A(«)

By Theorems 4.1 and 4.2, we understand that there exist three types of
the asymptotic shapes of A(a) (see figures below).

A

A@)

n2/4

Fig. Theorem 4.2 (i)

Tetsutaro Shibata (Hiroshima University) Direct and Inverse Bifurcation Problems Il 2019/5/12 55 / 76



72 /4

72 /8

Fig. Theorem 4.2 (ii)
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Graph of A\(«)

a

Fig. Theorem 4.2 (iii), (iv), (v)

Tetsutaro Shibata (Hiroshima University) Direct and Inverse Bifurcation Problems Il 2019/5/12 57 / 76



Proofs: g(u) = u?sin(u?) (0<p<1,0<¢q<1)

In this section, let @ > 1. Furthermore, we denote by C' the various

positive constants independent of «. For u > 0, let
g(u) = uP sin(u?)
and
u
G(u) := / g(s)ds. (5.1)
0

Then by the same argument of time-map as that in Section 2, we obtain
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_ /[ (1)
s /—1 Va2 = ua ()2 + 2(Gla) — G(ua(t)))dt (52)
' 1
o VI 52(G() - G(as))/a2ds
1 1 1

0 1— g2 )

T 1 L G(a) — G(as
_ 2—a2(1+0(1))/0 51182);2 ) 14
= T LK@ o)),

where
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K(a) ::/0 st. (5.3)

To calculate K (), we use the following Lemma. By combining [8,

Lemma 2] and [10, Lemmas 2.25], we have following equalities.

Lemma 5.1. Assume that the function f(r) € C?[0,1], and
h(r) = cos(mr/2). Then as p — oo

/01 f(T)ei“h(T)dT' — ei(ﬂ—(ﬂ/‘l)) 73“']%0) +0 (Ii) . (54)

In particular, by taking the imaginary part of (4.4),

/0 £ ) sin(uh(r))dr — \/Z F(0)sin (1~ ) +0 <;> . (55)
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Lemma 5.2. As o — o0,

K(a) = /21(]05174-1—((1/2) sin <aq _ %) + o(al’_l_(q/Q)). (5.6)

PROOF. We put s =sinf in (5.3). Then by integration by parts,

w/2
K(a) = /0 1 (Gla) - Glasin6))ds (5.7)

cos? 0
/2
- /O (tan 0 (G(a) — Glasin0))do
= [tan6(G(e) — G(asind)))7/?
w/2
+ a/ tan 0(cos 0(asin §)P sin((asin 0)7))d6.
0

By I'Hépital’s rule, we obtain

o

Jovsing ¥ sin(y?)dy _ gy ©C0S O(asin§)P sin((asin0)?) 0
Tl cos _65m)2 sin 0 =0
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We put m = 1/gq, sin?f =sinz, x = (r/2) —y and y = (7/2)r. Then

/2
K(a) = 0/’“/ sin?*! @ sin(a? sin? §)d (5.8)
1
— ap+1/ sin(Pt2-a)/a &sin(aq sinx)dx
q 0 V1 —sin? g

sin(a? sin z)dx

/ 3
_ lap+1/ sinPt2-a)/q , V1= sin"z
q V1 —sin?m gz
/T — cos2
_ Lot 1/ cosPT2=0)/a 1 —cos™y
q 0 V1 — cos?™y
1 — o2 (T
_ a,p-i—l cosP+2— q/q( r) \/ 1 — cos? (§7)
2

0 1 — cos?m (g )

X sin (aq cos (gr)> dr.

[e=]

sin(a? cosy)dy

Tetsutaro Shibata (Hiroshima University) Direct and Inverse Bifurcation Problems Il 2019/5/12 62 / 76



We put

f(r) = cos(PT2—a)/q (Er) \/1_0082(72%)’ p=a? (5.9)

2 1 — cos?™ (Zr)
and h(r) = cos(mr/2) in (5.5). We note that f(0) = ,/q.
(i) If f € C?[0,1], then by (5.5) and (5.8), we obtain

K(a) = \/Z()/’Jrl_‘]/2 sin (aq - %) +o (ap+1_Q/2) . (5.10)

This implies our conclusion (5.6).

(ii) Finally, we consider the case f ¢ C2[0,1]. For instance, if

q > (p+2)/3, then cosP+2-9/4 (Zr) ¢ C2[0, 1]. Fortunately, we are still
able to apply Lemma 5.1 to this case by modifying the proof of Lemma
5.1, and obtain (4.5). Thus the proof is complete. O
Now Theorem 4.1 follows from (5.2) and Lemma 5.2. O
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1 tph(r i i— (7 /2 :
[y flr)erhndr = eilu=(x/4) %f(O)JFO(%)

For completeness, we show that (5.4) holds. Recall that h(r) = cos(wr/2),
0<p<land0<q<1 Form=1/gand 0 <z <1, we put
f@) = fu(@) fala) = cos®H20/1 (Za) \/ Lt B s
2 1 — cos?™ (5x)
(i) By direct calculation, we can show that if ¢ > 0, namely, m > 1, then
fa(z) € C?[0,1].

(ii) The essential point of the proof of (5.4) is to show that, as y — oo,

®(p) = /0 1 Fla)e " dy = ;\/je—iw‘l) f0)+0 (i) . (5.12)

We put

w(x) = 70, namely f(z) = f(0) + zw(z).
By [10, Lemma 2.24],
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1 tph(r i(u— (/e ~
Jo F(r)e# D dr = i@/, /2 £(0) + O (H

1 ) 1 . 1
/ e g = \/?e_“r/4 +0 <> . (5.13)
0 2V u ©

Since f(0) = /g, by (5.13), we obtain

1 1
P(u) = f(O)/ e_i“dea:—l—/ :ce_i“‘rQw(x)da: (5.14)
0 0
1 [m 1 S
_ —im/4 - —iux
= —,/—e q—|—0<>—|—/:ce w(x)dx.
2\/; Vi H 0 (@)
We put
1
Dy (p) ::/ :I;e_i“wa(x)d:c. (5.15)
0

Now we prove that w(x) € C[0,1], because if it is proved, then by
integration by parts, we easily show that ®; () = O(1/p) and
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1 tph(r i(u— (/e ~
Jo F(r)e# D dr = i@/, /2 £(0) + O (H

our conclusion (5.4) follows immediately from (5.12) and (5.14). To do
this, there are several cases to consider.

* We note that, by direct calculation, we can show that if ¢ > 0, namely,
m > 1, then fy(z) € C?[0,1].

Case 1. Assume that p =0 and ¢ = 1. Then f(z) = cos (§z) € C?[0,1].

Case 2. Assume that 0 < g<1land p+2>3q. Then (p+2—q)/q>2
and fi(z) € C?[0,1]. Consequently, f € C2[0,1] in this case.
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1 tph(r i(u— (/e ~
Jo F(r)e# D dr = i@/, /2 £(0) + O (H

Case 3. Assume that 0 <p <1 and ¢g=1. Then

f(z) = cosP™! (3x) ¢ C?[0,1]. However, by direct calculation, we can
show that

— f(0
w(z) = LB =0 - 1O ¢ 10,1y,
It is reasonable, because by Taylor expansion, for 0 < x < 1, we have

7.‘.2
w(z) = —(7”+81)x + o). (5.16)

Case 4. Assume that 0 < ¢ <1 and p+ 2 < 3q. Then
pt+2—q p+2-—2

a g
Then 0 <7 <1 and fi(x) = cos" ! z. Since fo € C?|0,1], by the

consequence of Case 3 above, we find that w € C[0,1]. Thus the proof is
complete.

+1:=n+1

O
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Thank you very much

Thank You for Your Attention
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