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Our system and situation

(PE)











ut = ∇ · (∇u− u∇v) in R
N × [0, T ),

0 = ∆v + u in R
N × [0, T ),

u(·, 0) = u0 in Ω.

• N ≥ 3. u0 ≥ 0 is radial. ‖u0‖∞,1 <∞, where

‖f‖∞,1 = sup
x∈RN

(1 + |x|2)|f(x)|.

• ∃T > 0 s.t.




∃1u ∈ C([0, T ) : L∞
1 ), u is positive and radial,

∇v(x, t) = x

ωN |x|N
∫

|x̃|<|x|

u(x̃, t)dx̃.
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Our system and situation

• We say that a solution to (PE) blows up at t = T , if u is

bounded in R
N for t ∈ (0, T ), and satisfies

lim
t→T

sup
x∈RN

u(x, t) = ∞.

• We say that a solution u to (PE) is a
(backward) self-similar solution, if there exist a function u in

R
N and a positive constant T satisfying

u(x, t) =
1

T − t
u

(

x√
T − t

)

.

Then, we say that u is a profile function.
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Our system and situation

We say that the blowup is of Type I and Type II, if a
solution u to (PE) blowing up at T ∈ (0,∞) satisfies

lim sup
tրT

(T − t)sup
x∈RN

u(x, t) <∞ and = ∞, respectively.

In the case where N ≥ 3,

u(x) =
8N(N − 2) + 4(N − 1)|x|2

[2(N − 2) + |x|2]2

is a profile function. Then, for T > 0

u(x, t) = u(x/
√
T − t)/(T − t) is a self-similar solution

satisfying the following.
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Our system and situation

• lim
t→∞

(T − t) sup
x∈RN

u(x, t) = sup
x∈RN

u(x).

• lim
t→T

u(x, t) = lim
t→T

1

|x|2 ·
( |x|2
T − t

u

( |x|√
T − t

))

=
4(N − 1)

|x|2 loc. unif. in R
N \ {0}.
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Our system and situation

Theorem 1 (Mizoguchi-S.,’07)

Let N≥11 and ν={−(N+2) +
√

(N−10)(N−2)}/4.

For 0 < T ≪ 1 and ∀J ≥ 2, there exists a positive and
radial solution u to (PE) exhibiting Type II blowup at T .

Moreover, the solution u satisfies

lim
t→T

(T − t)
−J/(ν + 1)

sup
x∈RN

u(x, t) ∈ (0,∞),

u(x, T ) = O(1/|x|2) as |x| → 0.

• J ≥ 2, ν ∈ [−5/2,−2),

J/(ν + 1) ≤ −4/3 . (Type II blowup)
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Proof of Theorem 1 ∼ Rescaling ∼
For a radial solution u, putting

M(r, t) =
1

ωNrN

∫

|x|<r

u(x, t)dx,

Ψ(y, τ) = (T − t)M(r, t), y = r/
√
T − t,

τ = − log(T − t), τ0 = − log T,

it holds that

M(Ψ) = Ψτ −Ψyy −
(

N + 1

y
− y

2

)

Ψy

+Ψ−Ψ(yΨy +NΨ) .

# We can use the comparison theorem.
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Proof of Theorem 1 ∼ Rescaling ∼
Putting Ψ∞(y) = 2/y2, it holds M(2/y2) = 0.
Then, Ψ∞ is a singular stationary solution.

M(2/y2) = (2/y2)τ − (2/y2)yy −
(

N + 1

y
− y

2

)

(2/y2)y

+(2/y2)− (2/y2)
{

y(2/y2)y +N(2/y2)
}

= −(12/y4)−
(

N + 1

y
− y

2

)

(−4/y3)

+(2/y2)− {N − 2} (4/y4)
= 0.

– p. 8/33



Proof of Theorem 1 ∼ Rescaling ∼
Putting φ = Ψ−Ψ∞, φ satisfies

N (φ) = φτ + Aφ− F (·, φ),
Aφ = −φyy −

(

N+3
y − y

2

)

φy + φ− 4(N−1)
y2 φ,

F (y, φ) = Nφ2 + yφφy.

In fact,

M(φ+Ψ∞) = (φ+Ψ∞)τ−(φ+Ψ∞)yy−
(

N + 1

y
− y

2

)

(φ+Ψ∞)y

+(φ+Ψ∞)− (φ+Ψ∞) {y(φ+Ψ∞)y +N(φ+Ψ∞)}
= M(φ) +M(Ψ∞)

−Ψ∞ {yφy +Nφ} − φ {y(Ψ∞)y +NΨ∞)}

= M(φ)− 2

y
φy −

4(N − 1)

y2
φ = Aφ+ F (y, φ).
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Proof of Theorem 1 ∼ Rescaling ∼
A is self-adjoint in

L2
w =

{

f ∈ L2
loc(R+) : ‖f‖2 =

∫∞
0 |f(y)|2yN+3e−y2/4dx <∞

}

.

In fact, Aφ = −φyy −
(

N+3
y − y

2

)

φy + φ− 4(N−1)
y2 φ,

〈Aφ,ψ〉 =
∫ ∞

0

(

φyψy + φψ − 4(N − 1)

y2
φψ

)

yN+3e−y2/4dy.

The eigen values and eigen functions are

{λj}∞j=0 = {j + 1 + ν}∞j=0 and

{ϕj(y)} = {cjy2νLα
j (y

2/4)}, respectively.

Here Lα
j is an associated Laguerre polynomial with

Lα
j (0) > 0, and cj is determined so that ‖ϕj‖ = 1.
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Strategy of proof

# λj = j + 1 + ν > 0 (j ≥ 2).

In fact, N ≥ 11 and ν = {−(N + 2) +
√

(N − 10)(N − 2)}/4.

ν =
−(N + 2)2 + (N − 10)(N − 2)

4{(N + 2) +
√

(N − 10)(N − 2)}

=
−16N + 16

4{(N + 2) +
√

(N − 10)(N − 2)}
→ −2 as N → ∞.

ν |N=11 = −5/2 ≤ ν < −2 = ν |N=∞.

• Let J ≥ 2, η = λJ/(−2ν − 1), τ0 ≫ 1,
0 < (1/2)− σ ≪ 1, K ≫ 1.

γJ =limy→0 y
−2νϕJ(y)=cJL

α
J(0)>0.
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Strategy of proof

• We divide [0,∞) into three regions;

Inner region [0,Ke−ητ ].

Middle region [Ke−ητ , eστ ].
Outer region [eστ ,∞).

• In the middle region, by choosing suitable Fourier
coefficients d0, d1, · · · , dJ−1, we construct suitable initial
function Ψ(y, τ0) such that

Ψ0(y) = Ψ(y, τ0) = Ψ∞(y) +
∑J−1

j=0 djϕj − e−λJτ0ϕJ ,

Ψ(y, τ)−Ψ∞(y) = O(1)e−λJτ0ϕJ as τ → ∞.

• In the inner region and the outer region, by using the
subsolution and the supersolution, we control the solution.
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Initial function Ψ0

Ψsup

Ψsub

Ψ∞ −e−λJτ0
[

ϕJ±ε(y2ν+y2λJ−2)
]

Ψ∞

Ψ0(Initial Function)

Inner region Middel region Outer region
y

Ψ̃sub

Ψ̃sup

Ψ
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Inner region

• Stationary solution.

Let v = v(r, ℓ) be the solution to the following problem;

−vrr −
N − 1

r
vr = ev, u = ev in (0,∞)

with v(0, ℓ) = ℓ > 0 and vr(0, ℓ) = 0.

Then, (u, v) = (ev(·,ℓ), v(·, ℓ)) be a stationary solution, since
0 = ∆u−∇u · ∇v = ∇ · u∇(log u− v) and 0 = ∆v + u,

• Properties in the case where N ≥ 11.

If 0 < ℓ1 < ℓ2, then the solutions vi whose initial data
vi(0) = ℓi satisfy v1 < v2 in [0,∞).

u(r, ℓ) =
2(N − 2)

r2
− γℓ−2(1+ν)(1 + o(1))r2ν as r → ∞

with some γ > 0.
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Inner region

# Singular stationary solution.

(u∞, v∞) = (2(N − 2)/r2,−2 log r) is a singular stationary
solution to the original system.

Ψ∞(r) = 2/r2 = r−N
∫ r
0 u∞(ξ)ξN−1dξ is a singular stationary

solution to M(Ψ) = 0.

• Let 0 < ε≪ 1. We chose ℓ1 and ℓ2 with 0 < ℓ1 < ℓ2 such
that

u1(y) = u(y, ℓ1) =
2(N − 2)

r2
− (γJ + 3ε)(1 + o(1))y2ν

u2(y) = u(y, ℓ2) =
2(N − 2)

r2
− (γJ − 3ε)(1 + o(1))y2ν

as y → ∞.

Here, ϕJ(y) ∼ γJy
2ν as y ∼ Ke−ητ ∼ 0 and τ ≫ 1.
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Inner region

• Let χ = (2ν + 1)/(2ν + 2) > 1. (0 < ε≪ 1, K ≫ 1,
η = λJ/(−2ν − 1) > 0.) We define Ψsub and Ψsup as the

following;

Ψsub(y, τ) = (1 + εK2ν+2e−ητ )
e2χητ

(eχητ )N

∫ eχητy

0

u1(ξ)ξ
N−1dξ,

Ψsup(y, τ) = (1− εK2ν+2e−ητ )
e2χητ

(eχητ )N

∫ eχητy

0

u2(ξ)ξ
N−1dξ.

Then, the following hold in the inner region;

0 < Ψsub < Ψsup;

M(Ψsub) < 0 and M(Ψsup) > 0.
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Inner region

• Inner region: [0,Ke−ητ ], τ ≥ τ0 ≫ 1

Ψsub(y, τ) < Ψsup(y, τ).

Ψsub is a subsolution to M(Ψ) = 0.

Ψsup is a supersolution to M(Ψ) = 0.

Ψsup(y, τ) ≥ Ψ∞(y)− (γJ − 2ε)e−λJτy2ν for y = O(e−ητ ),

Ψsub(y, τ) ≤ Ψ∞(y)− (γJ + 2ε)e−λJτy2ν for y = O(e−ητ ).

Then, we define the initial function

Ψ0(y) = θIΨsub(y, τ0) + (1− θI)Ψsup(y, τ0) with θI ∈ (0, 1)

such that Ψ0 is continuous at the boundary between the
inner region and the middle region.
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Initial function Ψ0

Ψsup = Ψ∞ −e−λJτ0
[

ϕJ− 2ε(y2ν+y2λJ−2)
]

Ψsub = Ψ∞ −e−λJτ0
[

ϕJ+ 2ε(y2ν+y2λJ−2)
]

Ψ∞ −e−λJτ0
[

ϕJ±ε(y2ν+y2λJ−2)
]

Ψ∞

Ψ0(Initial Function)

Inner region Middel region Outer region
y

Ψ̃sub

Ψ̃sup

Ψ
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Outer region

• ΨSE(y) = 4/[2(N − 2) + y2] satisfies M(ΨSE) = 0.
ΨSE corresponds to the backward self-similar solution.

u(x, t) =
1

T − t
u

(

x√
T − t

)

,

u(x) =
8N(N − 2) + 4(N − 1)|x|2

[2(N − 2) + |x|2]2

• Outer region: [eστ ,∞), τ ≥ τ0.

Ψ̃sup =
2 + ε

4
ΨSE is a supersolution.

Ψ̃sub = Ψ∞ − ε

2y2
exp

(

N − 2

σ
[e−2στ0 − e−2στ ]

)

is a

subsolution.
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Outer region

• Outer region: [eστ ,∞), τ ≥ τ0.

[1− ε]Ψ∞(y) < Ψ̃sub(y, τ) < [1− (ε/4)]Ψ∞(y),

[1 + (ε/4)]Ψ∞(y) < Ψ̃sup(y, τ) < [1 + ε]Ψ∞(y).

Then, we define the initial function

Ψ0(y) = θOΨsub(y, τ0) + (1− θO)Ψsup(y, τ0), where θO ∈ (0, 1)

such that Ψ0 is continuous at the boundary between the
middle region and the outer region.
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Initial function Ψ0

Ψsup

Ψsub

Ψ∞ −e−λJτ0
[

ϕJ±ε(y2ν+y2λJ−2)
]

Ψ∞

Ψ0(Initial Function)

Inner region Middel region Outer region
y

Ψ̃sub < [1− ε
4 ]Ψ∞

Ψ̃sup > [1 + ε
4 ]Ψ∞

Ψ
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Middel region

• Middel region: [Ke−ητ , eστ ], τ ≥ τ0

Ψ0(y) = Ψ∞ +
∑J−1

j=0 djϕj − e−λJτ0ϕJ .
∑J−1

j=0 |dj | < εθ1e
−λJτ0 .

θ1 =
{

∑J−1
j=0

(

sup0<y<∞
|ϕj(y)|

y2ν+y2λJ−2

)

+ 1
}−1

.

|Ψ0(y)−Ψ∞(y) + γJe
−λJτ0y2ν |

< εe−λJτ0y2ν for y = O(e−ητ0).

|Ψ0(y)−Ψ∞(y)| < O(1)e−λJτ0y2λJy−2

< Ce−(1−2σ)λJτ0Ψ∞(y) < (ε/4)Ψ∞(y) for y = O(e−στ0).

※ ϕJ(y) = O(y2λJ−2) for y ≫ 1.

※ ϕJ(y) ∼ γJy
2ν for 0 < y ≪ 1.

© {dj}J−1
j=0

⇒
unique

{θI , θO}
⇒

unique
Ψ0(·; d).
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Initial function Ψ0

Ψsup = Ψ∞ −e−λJτ0
[

ϕJ− 2ε(y2ν+y2λJ−2)
]

Ψsub = Ψ∞ −e−λJτ0
[

ϕJ+ 2ε(y2ν+y2λJ−2)
]

Ψ∞ −e−λJτ0
[

ϕJ±ε(y2ν+y2λJ−2)
]

Ψ∞

Ψ0(Initial Function)

Inner region Middel region Outer region
y

Ψ̃sub < [1− ε
4 ]Ψ∞

Ψ̃sup > [1 + ε
4 ]Ψ∞

Ψ
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Mapping P on Fourier coefficients

For τ1 ≥ τ0 and θ ∈ (0, 1], we define

A(τ0, τ1; θ) =
{

h ∈ C([τ0, τ1];L
∞(R+)) :

∣

∣h(y, τ)−Ψ∞(y) + e−λJτϕJ(y)
∣

∣

< θεe−λJτ
(

y2ν + y2λJ−2
)

for y ∈ [Ke−ητ , eστ ] and τ ∈ [τ0, τ1]
}

.

If a solution Ψ ∈ A(τ0, τ1; θ), for τ ∈ [τ0, τ1] Ψ satisfies

Ψsub < Ψ < Ψsup in the inner region,

Ψ̃sub < Ψ < Ψ̃sup in the outer region.
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Mapping P on Fourier coefficients

We define

U(τ0, τ1) =
{

d = (d0, d1, · · · , dJ−1) ∈ R
J :

Ψ ∈ A(τ0, τ1, 1) with Ψ(·, τ0) = Ψ0(·; d)
}

.

We define
P (d; τ0, τ1) = (p0, p1, · · · , pJ−1) as pj = 〈Ψ(·, τ1)−Ψ∞, ϕj〉
(j=0,1,· · ·,J−1),
where Ψ(·, τ0) = Ψ0(·; d),
〈f, g〉 =

∫ ∞

0

f(y)g(y)yN+3e−y2/4dx.
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The way to decide d ∼ J = 2 ∼

〈ϕ0, ϕ1〉
(λ0 < λ1 < 0)

Ψ(·, τ)−Ψ∞

Stable manifold

〈ϕ2, ϕ3, · · · 〉
(0 < λ2 < λ3 < · · · )
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The way to decide d ∼ J = 2 ∼

• d is determined so that Ψ ∈ A(τ0,∞; 1).
Then,
· the orbit {Ψ−Ψ∞} is on the stable manifold.

· the main term of Ψ−Ψ∞ is e−λ2τϕ2.
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Properties P and U
the following holds.

• Let τ1 > τ0. If d ∈ U(τ0, τ1) satisfies P (d; τ0, τ1) = 0,
Ψ ∈ A(τ0, τ1, θ) for some θ ∈ (0, 1).[Main estimate]
We use the estimate on A(τ0, τ1, θ) and the following form;

[e−(τ−τ0)Aφ](y, τ0) =

∫ ∞

0

K(y, ξ, τ − τ0)φ(ξ, τ0)dξ,

Then, the solution φ to φτ +Aφ− F (φ) = 0 satisfies

φ(y, τ) = [e−(τ−τ0)Aφ](y, τ0) +

∫ τ

τ0

e−(τ−s)AF (φ(y, s))ds
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Properties P and U
Here,

K(y, ξ, θ) =
exp

(

N
4 θ

)

2(1− e−θ)

ξ(N+4)/2

y(N+2)/2

· exp
(

−e
−θy2 + ξ2

4(1− e−θ)

)

I(N+4ν+2)/2

(

e−θ/2ξy

2(1− e−θ)

)
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Properties P and U
• Let τ1 > τ0. Suppose U(τ0, τ1) 6= ∅, then
deg(P (·; τ0, τ1), 0,U(τ0, τ1)) = 1.

In fact, we assume P (d; τ0, τ) = 0 with some d ∈ ∂U(τ0, τ1)
and τ ∈ [τ0, τ1].

The main estimate leads us to d ∈ U(τ0, τ1). It contradicts.
Then, P (∂U(τ0, τ); τ0, τ) 6= 0 for τ ∈ [τ0, τ1].
Then,
deg(P (·; τ0, τ1), 0,U(τ0, τ1)) = deg(P (·; τ0, τ0), 0,U(τ0, τ0)) = 1.

• For τ1 > τ0, U(τ0, τ1) 6= ∅.

Suppose τ∗ = sup{τ ≥ τ0 : U(τ0, τ) 6= 0} <∞.

∃d∗ ∈ U(τ0, τ∗) such that P (d∗, τ0, τ
∗) = 0.

Then, the main estimates ensures d ∈ U(τ0, τ, τ∗) and
U(τ0, τ, τ∗ + ε) 6= ∅ with some ε > 0. It contradicts.
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Proof of A(τ0,∞ : 1) 6= ∅
Let τn = τ0 + n. Then, it holds that U(τ0, τn) 6= ∅ and that
deg(P (·; τ0, τn), 0,U(τ0, τn)) = 1.
There exists dn ∈ U(τ0, τn) satisfying
P (dn; τ0, τn) = 0.
Then, it holds that Ψ(·, ·; dn) ∈ A(τ0, τ1; θn) with some
θn ∈ (0, 1).
By taking a subsequence, we have d∗ = limn→∞ dn.

Then, there exists Ψ(·, · : d∗) ∈ A(τ0,∞ : 1).
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Proof of A(τ0,∞ : 1) 6= ∅
For τ ≥ τ0, Ψ = Ψ(·, ·; d∗) satisfies the followings.

•
∣

∣Ψ(y, τ ; d∗)−Ψ∞(y) + e−λJτϕJ(y)
∣

∣

< θεe−λJτ
(

y2ν + y2λJ−2
)

for y ∈ [Ke−ητ , eστ ] and τ ∈ [τ0, τ1],

•Ψsub(·, τ) < Ψ(·, τ) < Ψsup(·, τ)
in [0,Ke−ητ ],

•(1− 2ε)Ψ∞ < Ψ(·, τ) < (1 + 2ε)Ψ∞

in [eστ ,∞).
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Estimates of u

Ψsub(y, τ) < Ψ(y, τ) < Ψsup(y, τ).

Ψ(y, τ) = 1
yN

∫ y
0 z(ξ, τ)ξ

N−1dξ < Ψsup(y, τ),

where z(y, τ) = (T − t)u(x, t).

Ψsub(0, τ), Ψsup(0, τ) = O(eλJτ/(−ν−1)).

z(0, τ) = O(eλJτ/(−ν−1)).

u(0, t) = O((T − t)J/(ν+1))
(J/(ν + 1) ≤ −2J/3 for J ≥ 2).
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