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Jacobl s elliptic functions sn(z,k) and cn(z,k):

Z e [O,l), k e [O,l)

sn™(z,k):= j\/ 5)(1 )
cn(zk )=+1-sn?(z,k), ze(0,K(k)) ke[0,1)

(z, k) cn (z, k)
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プレゼンター
プレゼンテーションのノート
sn is the Jacobi’s Elliptic function, that is an extension of sin. When k→0, sn converges to sin.
cn is the Jacobi’s Elliptic function, that is an extension of sin. When k→0, cn converges to sin.
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cn (z, k)
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n(z,k) >sec h(z,k) as k-1
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cn is the Jacobi’s Elliptic function, that is an extension of sin. When k→0, cn converges to sin.
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“Jacobi’s elliptic functions sn(z,k) and cn(z,k):

ag
sn(z,k):= j\/( e 2¢(0,1) k €[0,1)

on (z,k):=y1-sn*(z,k), z¢(0,K(k))ke[0,1

1/4 perlod of sn(z, k) cn(z, k).

J\/ 1k2 j\/l k*sin’g

Complete elliptic mtegrals of the first kind



プレゼンター
プレゼンテーションのノート
sn is the Jacobi’s Elliptic function, that is an extension of sin. When k→0, sn converges to sin.
cn is the Jacobi’s Elliptic function, that is an extension of sin. When k→0, cn converges to sin.
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Notations: complete elliptic integrals

K(k) j \/1—  kel0))

sin’ ¢

N\

E (k) ::F\/l—kzsinzgodgo, k e[0,1)

(v,K) = j 4o  ke[0))
(1+vsin® go)\/l k?sin® ¢
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プレゼンター
プレゼンテーションのノート
厳密解に含まれる記号の説明をします。
上から順に、第一種、二種、三種完全楕円積分です。
　ｓｎ関数は、逆数で定義されています。


i d¢
Klk)=1°
k) L \/1—kzsin2go
7T
K(O):E

K(k)—)oo
k2 K(k)—>0 as k11

E(k)



プレゼンター
プレゼンテーションのノート
ここで、完全楕円積分について説明します。
Kは、第1種完全楕円積分でした。K(0)=Pi/2,kを1に近づけたときのKの値は∞で、以下のような単調増加なグラフになります。
Eは、第2種完全楕円積分でした。E(0)=Pi/2,E(1)=1で、以下のような単調減少なグラフになります。
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fundamental formula

d . Ek Kk

a0 =g T

d . Ek) Kk
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o . kEk)  kl(nk)

Tk = m o T e

9 (K2 —n2)I(n k)  K(k) E(k)

—H ,rEC — —
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Proof of fundamental formula (only for easy ones)

, d . E(k) K(k)
K (k) ::f dy K (k) = Iy e
0 V1-Rsilg " SR
w2
:/ Jl—kgsingpdgﬂ d E(k)  K(k)
0 axER) == %

dE (K d [m/?
d(k ) = / \/1 — k2sin? 0do

m/2 C) /2 ks 29
_ f \/ 1 — k2 sin? 0df — o
0 0 \/1 — k2sin?6

B E ™2 1 — k?sin?0 dg_f
k\ Jo \/1 k2 sin” 6 \/1 k2 sin? 6
(E(k) — K(k))

I
k



dK(K d [™? 1 ™2 9 1
(K _ dg — / _ — | df
dk dk Jo \/1 k2 sin? o Ok \/1 — k2sin?6

/2 Lsin2 @ T2 ko d 0s 0
/ S8y / B sin 06
o (1 — k2sin®9)3/2 o 1—Fk*db \/1 k2 sin? 0
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k ™2 11— k?sin?0 — (1 — k?)

1 —k? f k2 \/1 2sin? 6

1 \/TI.__."{Q \/ — ﬂ-"lllg 1
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(E(k) — (1 = K K(k)).



[ Complete elliptic integrals the second kind complete elliptic integral

the first kind complete elliptic integral 1 : 2
1—k22 i .
E(k) = ] —df = / \/1— k2sin? ¢ dy,
; p ay

. 1 1 w/2 1 1_52
K(k}::f 3 2.2 dg:f R C I
0 V(1 —&)(1 - k2?) 0 1—E?sin” ¢

E(0) =n/2, E(l)=1
K(0)=m/2, K(k) —socask — 1
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the third kind complete elliptic integral
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f{n. k) = /n L+no)a-oa-re) "




T Wakasa, S. Yotsutani / J. Differential Equations 258 (2015) 3960-4006

Appendix A. Fundamental results of elliptic integrals
Lemma A.l. Let k € (0, 1) and v # 0, —1, —k?. Then

i) 4 (k} E(k)— K{k}

¥

(i) %(k} _ ER-(—kD)KK)

k(1—k2)
k( E(k)—(1—=k>)IT(v.k))
(iii) (v, k) = GTrn(1—k5)
Y _ Kk E(k) (k=) (v.k)
(V) 55, k) = =555 + 200 K1) T 2000 40

Lemma A.2. For every k € (0, 1),
1
(1 —k*)K (k) < E(k) < (1 — ;RE)K(ﬁc).
Lemma A.3. Let k € (0, 1) and K be the elliptic integral of the first kind. Then,

1
lim| K(k) —log ———=—2log2 | =0.
fim (K0 - tog gy = 210e2)



[n addition to Lemmas A.1-A.3, we will use several asymptotic formulas for the elliptic inte-
oral IT(v, k). The changes of variables s = 7/+/1+v+ 12 and s = t/+/'1 + 12 leads us to

+00
l l 2
VT (v k) = f ‘/ VT g (A.1)

I+2\V 1+ v+ (1 -k
0
and
+00 | 5
H(u,k):] Rl dr. (A2)
) 1+ (1+v)t)VT+12/1+ (1 — k)72
respectively.

Remark A.1. In the case of v =0, both (A.1) and (A.2) imply that

+00

1
K (k :f dt,
® ) V141214 (1 — k)12

which is useful to show the asymptotic formula of K as in Lemma A.3.



Lemma Ad. Let k € (0, 1) and v = —1. Then, the following (1) and (11) hold:

(1) imy_, /1 +vil(v, k)= ;
(1) lmyssnos/1+v (v, k)=

_l'lll_kgl'

ba|H =

Moreover, we prepare more special asymptotic formulas corresponding to (i) and (i1) of
Lemma A 4.

Lemma A.5. Let k € (0, 1). Suppose that v is a continuous function on (0, 1) with —1 < v(k) <
—szor k € (0, 1). Assume there exists v* € [0, 1] such that

| k
k—1 — K~

Then, for each v* € [0, 1],

p*

| —v*

lim \/— (1 + v(0) (k2 + v(k)) - T (v(k). k) = Z —tan”!

k—1

Example. Limit of complete integral of the third kind

Assume 0 <k <1, 1l<u<1l . 1,3?11“:0

lim VI~ @2(1 — )1 —u)(1 — k) — 1,k) = =

kT1 2



Lemma A.6. Set J(v, k) ;=1 +vil(v, k) — ﬁf{(ff). Then,

lim J(v, k)=

v— 400, k— 1

._-,|:.1

Let us introduce an elliptic integral of the form:

_ ]
I(a,b,k):= ds, (A.3)

S VU =sH(1=ksD)la+ (b —s?)7]

where a > 0 and b € (0, 1). It is eaay to see that IT can be expressed by I1((b + v/ —a)/(a +
b*), k) and IT((b — /—a)/(a + b*), k). We derive some asymptotic formulas for 1T as follows.

Lemma A.7. Suppose a = 0 and b, by € (0, 1). Then for each k € (0, 1),

lim «all(a,b, k)= i .
a—0,b—bp E\Xb[j{l — bl]){l - kzbﬂ)




Lemma A.8. Suppose a = 0, b, by € (0, 1) and k € (0, 1). Set
Ja

J(a.b. k)= Vall(a.b.k) — K (k).
(a ) :=+/all(a ) AT (D) (k)
Then,
lim J(a.b. k)= .
a—0,b—by.k—1 ( ) 2/ bo(1 — bp)
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IT(hs, \/ﬁ) DEYHONWLIZDNT

[1(hs, vh)| s % & T1(hs, vh), K (Vh), E(/h) AT 5.
_H(h \/—)_1(1 hs?)I1(hs, /h) = sE(vh) - (1-5)K (vh)

S(1—s)(1—sh)
_H(h f)_lsh(l mI1(hs,vh) + E(vh) - (1-h)K(vh)

2 h(1—h)(1—sh)



IT(hs, \/ﬁ) DEYHONWLIZDNT

[1(hs, vh)| s % & T1(hs, vh), K (Vh), E(/h) AT 5.
_H(h \/—)_1(1 hs?)I1(hs, /h) = sE(vh) - (1-5)K (vh)
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_H(h f)_lsh(l mI1(hs,vh) + E(vh) - (1-h)K(vh)

2 h(L—h)(L-sh)
I1(hs, vh) zsdsmbHY



IT(hs, \/ﬁ) DEYHONWLIZDNT

[1(hs, vh)| s % & T1(hs, vh), K (Vh), E(/h) AT 5.
_H(h \/—)_1(1 hs?)I1(hs, /h) = sE(vh) - (1-5)K (vh)
S(1—s)(1—sh)

_H(h s Jh) = lsh(l hI1(hs,vh)+E(/h) - (1-h)K(/h)
- h(L—h)(1-sh)

I1(hs, vh) zsHzmY

2,/(L-s)(L—-sh)
Js

T1(hs,+/h)

0 [ 2/(-s)(-sh) _ sE(h)+(1-s)K(/h)
as[ Js H(hs’\m)j_ s\/s(1—s)(1-sh)

o  2,/—s)@—sh) 1-s)EWh) -a-hK M)
ah[ Js T(hs, \/_)j h(l—h)/s(L-s)(L-sh)



IT(hs, \/ﬁ) DEYHONWLIZDNT

T1(hs, V)| 128459 % & M(hs,Vh), K (Vh), EGh) 5T 3.
1 (1-hs*)I1(~hs,vh) —sE(vh) - (1-s)K (+/h)

| TN
oS

2 S(1—s)(1—sh)
0 (—hs, by = LShA=MIChs, vh) + EGh) - (-MK (Vh)
oh 2 h(1—h)(1-sh)

M(hs, vh) £8¢5%HY

2\/(1— s)(1-sh) K.Kosugi, Y. Morita and Y. Yotsutani,
7s Ti(-hs,vh)  peps 19(2007),

0(2Ja-s)a-sh) _ SE(h)+(1-s)K(/h)
88[ Js = hs“/ﬁ))_ s,/s(—s)(1—sh)

0 (2fa=s)a=sh) o) @-9)EE)-a-hKEh)
8h[ Js e hs’\m)}_ h(l-h),/sL—s)(L-sh)
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5 1 fSE MR

2 1
K (k) := d
(k) /0 V1 — k2sin? ¢ ¢

i T
B(D) = 5!

k—1D&E K(k)— oo

VR




1 e E Y

2 1
K(k):= d
(k) /0 V1 — k2sin? ¢ ¢

. T
B(D) = 55

k—10D& & K(k)— oo

%_2@%‘?%*%%%%
E(k) = [ /1= k2sin? ¢d
(k)= [ 1= kesind oo
E(O)Zg-, E(1) =1

124
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= d
K (k) A Juw%W¢¢

K@:%,kal@k%K%%+m

5 2 T se s s

E(k) = /0% \/1 — k2sin® odo

0o |

ro |

K (k)
_56"_"_ 1 k
- B(R)
o" - "1



E(/h)
K(«/h)

D LT A LDFHE

E(/h)
K(/h)
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(1-h)?
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1!1

2
Eh)

Kh)
2

Szt

DETFHLD
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Jh)
(+h)

E(
K

> (1—-nh)
>V1—h

S

<
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E(/h)

DLFHLOFER | MH—IME—EyA (2010) €= AR (1816)

K(+/h)
E(x/ﬂ)<1 B
K(Vh) 1
E(Vh) h
<1——
K(Vh) 2
EWR) 1 1, 1 :
<(=—-h+-=V1-h §0=1—§
K(V/h) (2 42 ) | 2
. g_l_f_z_l_(]—h}%
179 4 2
Eh)
; 1 Kh)
1-h)4+—(1-h)2 g




i [COEESIIEEMANEEIZTES]

E(Wh) _ —
KR >vV1I—-h (0<h<]l).
5 .
f(h) == E(Vh) — (V1 -h)K(Vh) &8¢ £ (h)
et B w1 TG
' Vh 2 J1—-h 2 h
(V1—h—1)(E(R) — K(Vh))

(VI—h—-1)(V/1=h+1)(E(VR) — K(Vh))
V1—h-h(v/1=h+1)
K(Vh) — E(Vh)
(1—h++1—h)

f(0) = E(0) = K(0) = 5 — 5 =0

1
T2
1
T2

1

2

1
=3 >0 (0<h<1)







6 Inequalities of complete elliptic integrals

Problem 6.1. Prove the following inequality

—3E(Vh)? +202—-hK(Vh)EWVL) — (1 —hK(Vh)? >0 (0 < h < 1).




Usual answer

f(h) =

By K(0) =

we obtain

S3E(VR)? 422 - WK (VR)E(VR) - (1 - h)K(VR)*

E(0) =12,

f(0) = =3E(0)> + 4K(0)E(0) — K(0)?
m 2 T (m\?
=-3(g) +133-(3) =0

d - E(k)-(1-KK(K
T HI-R

d _ E(k)-K(K)
T




Usual answer Hence

f(h) = =3E(VR)? + 202 - K (VR)E(VR) - (1 - W)K(VR)* — f(h, —3E(vVh) ( (vh) ; K(‘/E)) —2K(Vh)E(V
By K(0)= £(0) =/ - (Ew (- WEWRY o
£(0) = ~3E(0)2 + 4K (0)E(0) - K(0)? Qh(\lr_) 2 7
oM\, T (M zzmw/ﬁ(E( h) — K(vh
=3(3) +43-5-(3) =0 +2(2— h)K(Vh) 57
By +K(Vh)?
d _E[k)—[l—kz}ﬂ’[k) (- WKW (E(\/E](I K(\/E))
ﬁp‘(k) - kl:l —.’52) ! {5] ( ) ( ) h(l — ffJ
d _ E(k)-K(k) . 1 ME(JR
() = ————, _ (BWR) ;1((11— ;))M‘/’_)) (1= ) K(VR) — (1 - 2h)]1
we obtam
d 1 E(\/ﬁ) _ {1 _ h)K(\/E) We note that
—K(vh)=-- .
W) =3 p h.(l(— j_}) 9 ,2 — h)K(VR)
d .~ _ 1 EVE-K(Vh x 1—h )
@E(\/E]_E ; . / \/1—hsin? g d‘u—/ de,
,f? CO‘:
= 0 \fl—hsm dlﬁ}o
and
(1—h)K(Vh) — (1 —2h)E(vh)
— (1—h)(K(vVh) — E&Wh)) + hRE(VR) > 0.
Therefore

d
ﬁJI”(h)}[] (0<h<1).



Answer (New method)

E(Vh) ’ E(Vh)
-3 (I{(\/E)) +2(2—h) (I{(V’E})_(l_h)}ﬂ (0<h<1)

We note that the following inequality holds (easy to prove):

E(Vh) ~r:::1—E (0<h<1)

1—h<
7 VAN 2




We may show that f(h,U) > 0 on D, where

D::{(h,U};Oc:hc::Ll—hc:U«::l—%}:

f(h,U) := =3U%+2(2 — h)U — (1 —h).




2
f(h,l—g):%:}[], (0<h<1),

fth,1—h)=h(1—h)>0 (0<h<1),
f(LLU)=U2—3U) >0

Moreover,

af af
L — _2U+1=0. = —6U4+2(2—h)=0
oh CoU ( )

implies

(h,u) = (1/2,1/2) ¢ D.

Consequently,

f(h,U)>0 in D.



Problem 6.2.  Prove the following inequality
(h? = h+ 1)E(VR)* = 2(1 = h)(2 = h)E(VR)* K (Vh)
+6(1 — R)’E(VR)2K(VR)? = 2(2 = h)(1 — )2 E(VRh)K(Vh)?
+(1-hPK(Wh)'*>0. (0<h<1)




Answer We may show

(h* —h+1) (E(‘/E)) —2(1—h)(2—h) (E(“/E))

K(V'h) K(V'h)
. (EWR)\ , [ EWER)
16(1 — h) (ﬁ:(ﬁ)) —2(2 — h)(1 — h) (f{(ﬁ))

—|—(1—h)3;‘:>[] (0 << h <1).
It hold that

vV1—h < E(Vh) <1 (0<h<1).

| P N B

3 1
<777

n.ué ) s
JVi—nh &

n.ré E(/h)
] K(v'h)

IJI.IIEII.EI..IEII.J.IIlltll.ﬁlll‘tll.'.illl‘:I



We may show in f(h,U) > 0 in D, where

D::{(w);n{h{L m{val},

f(h,U):= (R2 —=h+1)U*=2(1 —h)(2 — h)U? +6(1 — h)*U?
—2(2—h)(1 = h)?U + (1= h)*.




We have
f(h,)=R*>0 (0<h<1),
f(h,vy1—=h) =1-h*1-V1I-h)*'>0 ((0<h<]l),
fA,Uy=U>0 (0<U<1).

Let us mvestigate the following system of algebraic equation

fn = (2h—1DU*+2(3 —2n)U? —12(1 — h)U?
+2(1 = h)(5—3h)U —3(1 — h)2 =0,

fo = 4h*—=h+1)U?—-6(1—h)(2—h)U?
+12(1 — h)2U —2(2—h)(1 = h)2 =0.

We will show that there exists no solution n
{(h,U):0<h<10<U < 1}.

By using the Buchburger algorism (Groebner basis), we see that the

above equation 1s equivalent to the following system with three equations.:



(1 —2R)R3(1 — h)? - (125R* — 250R3 + 621h2 — 496k + 128) = 0,

h(1 — h)(4250h7 — 14875h% + 34989h5 — 50285h*
4+34237h3 — 8508h% — 192h + 384 — 384U) = 0,

86403 — 2592(1 — h)U? + 2592(1 — h)U
(1 = h)? - (22000h7 — 55000k + 12504615
_132560R% + 42251h% — 864h2 — 1728h — 864) = 0.

We see from the Sturm theorem for zeros that
125h% — 250h% 4+ 621h% — 496h + 128 >0 (0 < h < 1).
Thus h = 1/2, which implies U = 1/2. Cnsequently there exists no
solution n D since (h,U) = (1/2,1/2) ¢ D.






7 Comparison function for £/K and 1/K

Theorem 7.1 ([3]). Set g,(h), g (h) by

Ga(h) = 1= 32" o)

m=0
g (h) = 1= 2" 'cpn(h)* = 2" 'ca(h)”.
m=I()
Then
E(Vh)
g (h) < — <g,(h) on[0,1] (n=0,1,2,---),
- K(vh)
and
left < becomes = <+— h=0,1,
right < becomes = <— h =0,
Moreover,

_ E(Vh)
g,.(h), g,(h) — K(/h)

uniformly on [0, 1].

Here, ¢,(h) are defined later.



7 Comparison function for £/K and 1/K

Theorem 7.1 ([3]). Set g,(h), g (h) by

Ga(h) = 1= 32" o)

m=0
g (h) = 1= 2" 'cpn(h)* = 2" 'ca(h)”.
m=I()
Then
E(Vh)
g (h) < — <g,(h) on[0,1] (n=0,1,2,---),
- K(vh)
and
left < becomes = <+— h=0,1,
right < becomes = <— h =0,
Moreover,

_ E(Vh)
g,.(h), g,(h) — K(/h)

uniformly on [0, 1].

Here, ¢,(h) are defined later.



h
1 2=
2‘]
1 h (1—h)2
- — —+
2 4 2
1 h (1_h)1fﬂ+(1_h)1f4
4 8 4 2

(1—R)V/Ap (1 =84 a2




Let a,b (a = b = 0) be given. Define {a,}, {b,} by
b,

anp — a, b[}

an + by

1 =

and {c, } by

2

l!I}‘.rt.—l— 1 — Ay bn -

cn =raz2 —b2 (n=0,1,2,---).

We have
b=by<=b;y <---<b, <a, <---
Ay — b e C
n e I g
2 _‘2_ _2?‘1—|—l

Thus {a.}, {b.} has a same limit AGM (a,b).

For example,

AGM (1, —

1
V2

) = (.8472130847 - - -

(n=0,1,2,---

= a; = ap = a,

(n=10,1,2,---).

Qn

bn

1.0000000000

0.7071067811

0.8535533905

0.8408964152

0.8472249029

0.8472012667

0.8472130848

0.8472130847

e | Lo | B = | =

0.8472130847

0.8472130847




Theorem(Gauss,

1809)

m

 2AGM(1,1/v2)?

o

1> 2"

n=>0

upper approximation

2
- QﬁN
1—> 2%

n=_0
po | 4. 00000 00000 00000 00000
pi| 3. 18767 26427 12108 62720
po | 3. 14168 02932 97653 20391
py | 3. 14159 26538 95446 49600
ps | 3. 14159 26535 89793 23846
7|3, 14159 26535 89793 23846




Theorem (Gauss, 1808) Let AGM(1,v1 — k?), {a,}, {b.}, {c.} be

defined as above. Then,

12
= ~-AGM(LVI-),

for 0 < k < 1.

Moreover, the convergence is uniform on [0,1] by
AGM(1,0) =0, ¢,=2""

and

hmL =0, hm E(k)

= 0.
k1 K (k) Lokt K(k)




To simplify the notation, we put k := vh., and use the notations

ACM(L, VI = R), {an(h)}, {ba(h)}, {ca(h)}

Proposition 7.1.

uniformly on [0, 1].

Proposition 7.2.

E(ﬁ) L . = n—1 2
D =1 ;2 cn(h)?.

uniformly on [0, 1]



Comparison function for £F/K and 1/ K

Theorem 7.1 ([3]). Set g,(h), g (h) by

T

Ga(h) = 1= 32" o)

rm=I\]

g (h) = 1= 2" 'cpn(h)* = 2" 'ca(h)”.
m=I()
Then
E(Vh)

g (h) < — <g,(h) on[0,1] (n=0,1,2,---),

- K(vh)
and

left < becomes = <+— h=0,1,

right < becomes = <— h =0,
Moreover,

_ E(Vh)
g,.(h), g,(h) — K(/h)

uniformly on [0, 1].

Here, ¢,(h) are defined later.



h
1 2=
2‘]
1 h (1—h)2
- — —+
2 4 2
1 h (1_h)1fﬂ+(1_h)1f4
4 8 4 2

(1—R)V/Ap (1 =84 a2




Theorem 7.2.

%-bn[hjiﬁgg'ﬁn(h) (n=0,1,2,---).
apg(h) = 1,

ai(h) — 1+ (1 — h)t/? 0.

) d ]

B 1+ (1 — h)L/2 (1 — h)t/4 =

as(h) = 1 + > ’ ]

14 (1— h)l/2 1/2

bo(h) = (1 — h)Y® ( 5 ) . 0.2
bi(h) = (1 — h)Y4,
bo(h) = (1 — h)Y2,

Theorem 2 1s by Gauss. Theorem 1 18 direct application of a theorem
by Gauss m 1809 concerning recursive hmit of arithmetic algebra mean.

We will explain the 1dea of proofs of them.
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