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(1.1) u = dAu + f(u), r e CR"™
BEFR M 7 A~ VIR

ou

ZY. AFTI, I QIEEERTEOHEAIQIE BN (C3RHK) &L, fiE
ClHoEosNIZ2HDLT 5. 72, WIHHERME

(1.3) u(z,0) = up(x), (x € Q)

MY 720 T ZZ A2 TOIUR, WS DIRRDIRE ISR T 2 (JERIRD & 5
REHDIFE AL, TOYIHEREDOMEZ u(-, t;u) &35 &, St ug = u(-t;up)
i K o THH (semiflow ) {S(2) Fiso A3 ﬁéQ*HWFﬁX TEHINS. HlIZIE, X =
CUQ) %, VARV 7ZEM H(Q) 72 & ([34], [18], [43]). £D & 5 %Mz & 503,
BRI D IRRH L9 X1 ﬁW’?T%O)’C MBERE ST ENZHRT DT <‘:

235, URTIE, FICW S BEXRRWEGEIIERSMEX (1.2) 2KEL, %
ﬁ: IDOWTHFMAED R T NILFIHD & 12 &b@b\

(1.1) Ti&, f(u) =0ZmizdEBRu="1u &, ZEMZEH I ITEHKELRVEBE
AR CEMR) 12> T\Wb. £72, (1.1) IET 2 )V ¥ — LK

(1.4) €O(u):/Q§]Vu]2—F(u) dr,  F(u) = /Ouf(s)ds

DA R (gradient flow) 6:7329“0,\5 ;@@Z, u-u( )%/47/*@%%%:3-

& (u) = —(Au+ f(u),ou)rz

&0,
J

@So(u) = —(dAu+ f(u)).
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g E(u) ITRALTt TR T DL

d )

ESO(U(‘J)) = —(ago(u)aut)ﬂ = —[lu* < 0.

Zh o, ROt — co DMIRAEIXHIK X 4, REERPMD & 575 DIFFEL
W, HFEROMEZHAWS L, HZEEMIZB T A EOHED w iR E A 1 F g
P OB 2 L HHISNTVS (56]).

L ZAM, (11) D& S 5 BEROBAIEDE 55 Ll C £ AREh, SRR
n— 1 DHETIE, wBIRES AT 1 (—oOFHE) 257 b ([34]), 20
PG B B TR 7 5 AR D THAR L R 25 T 5 (3], [34]). & o TH
TERER TR WREZRT 72D I3 IEN R IR THE 2 D BN H 5. il Z XK ISIED
flu) =u—u®DEIBRGEI, EREZRLLWERMS AT 2 DOk 7 E
TR R 0. T 0 flu) 1t LT RIS AT, 2 B
DHIKTE %2 L2 L HISNT WS ([57], [20, [21], [22], [73], [34], [35], [37] 7=
v).

XT, (L1) 2812, WO LS 2 BROREIEMREE X & 5.

(1.5) x € (L

u = dAu+ f(u) + v,
Tvy = Av — YU + u,

ZIZT, 1,7 ZIEEDNRTA—=RTH5D. v DILEREIE LIZEFLLTH B, HER
SMENT ) A < RS

ou  Ov
5—5—0, xE@Q

Zo%ES, EiX(15) 3RO AIVF —PRELICBE L TARTRIZR > T\ 5:

(1.6)

(1.7) & (u,v) = E(u) + / %]Vu\z + %02 —uv dx.
0
HER,
= —Ewe), =5
up = =5 E(u, ), oy = ==& (U, ).

o T23)(£721F[33]) & 0, MK TIXLERIRILERIR L DFAEL RV, 7272
U, AfRD—D2TH5 Ginzburg-Landau HFERTIL, #2072 IEMEEIIZ B W T
L E TR IEE BB R NAFAET B ([27], [24]).

Wz, (1.5) D u BT 2 ARAUTBWT v DIHOF S 2 EZ 72RO HFEAR%E
EATHES.

(1) { uy = dAu + f(u) — v, seq.

TUy = Av — v + u,



ZDEE, EO XS RAREKEIZIER ST,

1.9 Es(u,v) = E(u) — 1V02+102—uvd:€
2 2
Q

u N\ _ (1 0 L& (u,v)

T, ) 0 —1 glc‘f (u,v)
LRIN, EAMR (skew gradient flow) & FFXN S ([50]). f(u) 73 3 IR DL
£1%, FitzHugh-Nagumo AR & KiEh, NI A—XDED [IZ X > TLERIE
iﬁiﬁ%@ﬁ&ﬁﬂ%%fmé(mﬁm][]Mmaxvﬁmiﬁw% D5

6] 2 BI). ZDX S ITRADHT 24 UE R B 721 TLEMOREE A BIN I
BOBGENH L. ZOFDABRRRIZOVWTIZRECTHLULFARS Z 2127 5.

EE 1 20 &S BREAERO RO L EMIZ DO W TIEW LK DO —RINFE R A
HSnTWS ([4], [30], [50], [51)).

Iz, (11) OFAERE v DABRAXZLUTOI S ITHELEREEZS.

ZEATDE

(1.10) { Eup — vy = dAu+ f(u) +v
nu; + Buy = Aw.

2720, EnIFEDEBMTa,8>0H5. TN ETEEBRICHEEQ 3652 e
U, /A VEREMEZHRY. ZOABRXRORE LRHEIT

d

7 (nu + pv)dx = / Avdz =0

WZED qu+Pu D L EVPREFEINDEZETHD. F>00E &, w=nu+pv
B, HERXR

(& +an/B)uy — (o/ B)wy = dAu+ f(u) — (n/B)u+ w/B,
= (1/8)Aw — (n/B)Au

CEEIRTILETESL. Z0OLERwD L ENVREINDRIC aofmé
CDHBRRRDMOLZEMIZEUT, NI A —X3H 25422356
%6b§4%%%Mﬂ:aﬁbﬁVfOﬂé®TMw&J%Lpa,mm[mb%%wromf

HEBNT 5.
B, ZONETIEELD XD BKINEEAFERR U bR WD, KIGHEER
FRER IOV TEH LW I L Z2RID 72\WAIK, BoEHiRI Wz [52] % BEIDT 5.



2 FitzHugh-Nagumo 2D AR

2.1 Turing A& EM

3 (5.5) ILBWTLERIECEHIAV TN WHE 2T 572012, ROBEHIZD
WTHBAE (u,v) = (0,0) DEEMEZFTARTALS. DD r=12LTHL.

(2.1)

=dA —ud —
{ut u+au—u v, L eQ

vy = Av —yv + u,
BOSHE7Z VT DHEWI TR

v=—yU+u

DT (T=d/dt) BHEOLZEMEX, IROITH

a —1

L —y
DEAEZFRNEDD2 5. R AR

M—(a—YA+1—ay=0

DT

a<7<1

a

ROEEPADEAMED S0, BUIEAER (2.1) DL UTHEZETH 5.
FRER (55 B WTLENEEZTARD2DIZ, /4 VBEREZEMLETO —A DEA

fif %
O=01<09<03< ...

eL, 7=V iR EMS &, 1751

(—dai—ka —1 ), j:1,2,
05 =7

DEAHEEZFANSHECREI NS, TD L EOREHERNIZ
N —(=oj(d+1)+a—y)A+do; — (a—dy)o;+1—ay=0

5, acy > 17256 dZ2+0/NE K ENXADEEENFET 5. 21k Turing
AL EMENTAMZL 57200 ([48]). AR ZEH T 5 &, A LEWIKI 537 X —
R DEFRFUE DR T L EREMNR = 2 o P EPMEN ORI T 52 L %
RTZENTESED, SEOT =< THROVOTHMIZ DWW TIHf 2 ([39] 7 &



2.2 Lyapunov %X
(5.5) 2B B 7 — 0 DR AL, BAIZ

{ u = dAu + f(u) —

(2.3)
Av —~yv+u=0,

z €

L5, BREMIT ) A< VERFMETH D, L2(Q) OFAFEHEZ —Ay %
—Ayw = —Aw, w € Dom(—Ay):={p € H*(Q):04/0v =0 (x € 0Q)}
E3aE, (2.3) D2 Ak
v=K(u):=(-Ax+7)"u
ERINLDS, KR uZTDOHEAX

(2.4) u = dAu+ f(u) — K(u), x €, gu 0, =€
v

nEoNnsd. ZORMFBED AERITIRDO T 2L F —FEBOARTRIZ R >TW5.

(2.5) &du):i/fﬂVuP—qu)+luKﬁQdm
) 2
iﬁWﬁL%bfﬁa B AFRERAFZIZR>TVWAZ LITERLTE Z 5.
f(u) =u—u* DXIRGEHITIE, KT b F 27 X (global attractor) A; MEET
% ([8], [56], [44] 214).
—7, (5.5) DEEITIFRONBEE %2 EHKT 5.

(2.6) Er(u,v) = /Q %Z|Vu|2 — F(u) + %uK(u) + 2<11 5) (v — K(u))?dx.

UFTDZehRrRENS.

MR 2.1 (5]) 0< 72 <~y &9 5. 0€ (0,221 — 1)) REBEED§ ZFET
5. (5.5) DO (u(x,t),v(z, 1)) 1T LT
d

[

5
S 2(1490)

s (B o K e - Kl <o

MDD, F7z,

(2.7) L ep(u(,t),0(t) =0  (VtER)
DD SEODIE (u(-, 1), v(-, 1)) DEMRD Y X DHATH 5.
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FEBH] HLUWEHZ w=v— K(u) £ 35 & HENZ

(2.8) u = dAu + f(u) — K(u) — w,
T(we + K(ur)) = Aw — yw

275, Ep(u, w) =Er(u,w+ K(u)) £BE, KIFHEHE, K| < ||lull/v A
ONDZ LITIERT S L,

d -
L (0.l 1)
= /Q{qu Vg — fu)uy + E u K (u) + uK (ug)) + wat}dx

2( 146

—— [t 1) = K@) + v

1
= _HutH2 - (waut)Lz + 1 1 6(71] K(ut) + — Aw — zw)L
= —lluell® = (w, we)r2 — % {(w7K(Ut))L2 + = (||Vw||2 + 7wl )}

1 1 y
< —§||ut||2+§||w||2— (K(w), ug) 2

(1+9)
2
7 2 2
= 5)Tuwu vl
1 1 ol

<t 2 4 2wl + 2 2
< gl + glhwlP + s hollul - ol - Ll
SRy PRSI TP CO Al WA
—— 11— —=)|u = — w
=2 1+ 5 ! 2 2(1+9) (1+5)T

IVl

u+®

0 1 2 0
< — 2_ _ - (L _+1_Z 2 2<
= 2(1+—5)”utH 1+6<T 1 Q)ku (1+5)vaH 0.
o THPEH DRI -, BEIBZ I/ SN DO THMITHET 5. O

AR 2 7=y D FITh, Ep FHUEISIN o THIIINTH S, FEER
d
Er(u(- 1), 0(, 1) = =2 |V (v = K(w)[* 0.
LA L, (2.7) DD LD DI (u(-,t),v(,t)) PEERED & E DAL IER S 720,
FR 3 f(u) =u—u® D& 574 3REBOGE I HMERE DA KT 5 i
EKIBRT b T 0 R A T B ([56),47). PHHREKDESE E, X L, ZhNE
LA,

A =W Ef) :={up € X ru(-,t;up) > Ef (t - —00)}
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ThH5. oIl TOVMMEBEIE GUBALEAERED X 1 E A E 2 R

W) 5
A= |J W)
u*ekEy
ERIND. THUTEKoT, KT b7 7 X OREE IR DAL ELFRIR (unstable
manifold) O RIZIREINDS. 72720, BTOARLESHRKZIRET 5 Z &1&
WUTEG R TR (AA T —DRIGIEHARERDG &I, KIET 72
R DFEMHEE IZ DOWTOMGEE LT [11], [12] R EDDH B).

FR 4 [14] T, W72 D Lyapunov BRI T W5, Lyapunov BBDEAE
TEHERMFIZOWTS EFHOEDEADURLRS. MUT, il LD, FETH
fitv7= A3, FitzHugh-Nagumo HRERITEAER & KiEN, (1.9) DT 2L F —EK

&th:i/{gWMF-FﬁO—%WMP+uv—%ﬂ}dx
Q

W2 RAL THRREITHMA 5 &

igs(u,v):—/u?dx—kT/vfdx
dt Q Q
L%, T ZTHROHLEIZIA - 7B

1
Er(u,v) == Z/ —(u? 4 107 + Ey(u,v)
v Ja 2

ZEET DL,

d T d
%E/‘L(u’ U) = ; /Q(ututt + T'lltvtt) + %Es(ua U)

— %/g;{ut(dAUt + f(w)uy — vy) + v (Avy — Yo, + uy) Yo — /

ufda:+7/vfdx
Q Q

T

=2 [@vul+19ali - [ 0= @ dds

Yib. FIT
sup f'(u) < /7
u€eR
5, & XRFENZBEUTCIEEMTH . KT b T 7 ZBPEFEET 5 LD RIGEIZ
37 DEET I ORI T UL, & 13V v 7 7EBE LTEL.
W[4 2B B v 77 7B THS. 2200 v 77 TEBER & & ORI
DEELRH D0 S DIERHTH 5.

FE S5 v O ARERNCBIEBE D 2213 TENE2HBERICLAZBRE LTHEON
5% R=Y AT 0L XIEN5 AFEAD Lyapunov B#te, D #¥oizL7ze &
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@ Lyapunov BIEUZZENZFN [29] B LV [44] ITBVWTEHEZONTED, Fhold,
5 &5 ESEOD Lyapunov BEUIZEWTHIGT 2MRE%Z & o772 D& UL TEMNPN
5. BB o, 2 ) AR VEMETD —A D jEHOEAGE, ¢ 2063 % EMREE
nr-EEREKE 5L, AW

1 1 /
(1)1 = —= | -dx (D — 00),
FUEa =g e (D)

—DA —1 — (',QOJ')LZ RN

—Iig (D — +0)
5

o0
J=1

T, iy FEEEMTHS. TNENDEHEE D Lyapunov BIEUE

d 1 /1 2
Exlu,v) = [ =|Vul* = F +~—C—/ d)
(u,v) Az|m )+ 5 (g [ wae

2
v 1 )
+ v——= [ u(x)dr | dz,
2u+®( S Jo )

Eo(u,v) ‘—/C—l|Vu\2—F(u)+u—2+ 2 (v —u/vy)?* dx
A 2y " 2(1+0) 7

LB, [29] & [44] T, TNSDATI=0& L7zH DD Lyapunov B E LT
b Tna.

2.3 FEBORELERTT
—fB1Z (5.5) D E H i E

x €, —=—=0, €N
Av —yv+u =0, ov  Ov

(2.9) {dAu + f(u) —v =0, ou Ov

WZDOWTERATALD. H2ANS v=Ku)(=(—Ay —7) tu) Z2 5658 1 X
RAT B L& uZlFDHER

(2.10) dAu+ f(u) — K(u) =0, x€Q, %:O, x € 0}
ZhREINS. ZOHBERIZ (24) OEEMELE U T (2.5) D Euler-Lagrange /i
AL TWa. EWHEDOHR (u,v) 1%, ZONBEBOEHMEZEZ S u=u
26 (u,v) = (u, K(u*) L UTHRES. 2O K5 REaMETIE, NEHZ &N
(29 % B (minimizer) ZFANDMEPHERLTE D, d =2 IV EE, H
B W3 e DRFRMRIZ B 1T 2 DR DR T I DWW TENZZFED H 5 ([40],
[42], [49] 72 &).



ST, HARLREEME UT (2.4) OFHHR u* (v) DLENE (F72IFRLEMN) &, it
D% (5.5) ITB B (u*, K(u*)) DLEME (72 FALEME) L TED LS 7
BB H 2725507 —#iz, Lo &S RRBEROER RO LEE 2RT
T — AR (Morse index) DI N T W5, iM% & 5% v OE O TNEEKD
WOEREFZEZTAHALD. T4bH

2

ol sl = [ dIT6P = @I + oK (o) do.
S Q

Rayleigh P4

211)  R(g) = f;]f)

ERHWS &, My, & L2 (Q) 12812 kIRt o2l ekogEsag e LT

K(p) == d|Vel* = (f'(u), o)1z + (K(p), ¢) 2

(2.12) A = Xle%\f/tk 2161)[; R.()

2, k FHOSALEAHMEOEARE S5 (10). T4bb, A, EAER
(2.10) 12 BT u* DJ b THIGALE A ER]E

(2.13) L(p) = —[dAp + f'(u")p — K(p)] = Ao,
Dom(L) = {w € H*(Q) : 0w/0v =0 (z € 90)}

DkFEHDOBEEETH S, Morse 58I Z DFFEALIEHAZEDEA MO EDEE & L
TkE 5.
—Ji, (5.5) DEMIE (u,v) = (u*, K (u*)) ORALE A R E X

o\ _( —ldAo+f(w)o—o] \ _ [ ¢
(2:14) A(w)‘( —AG - 6 )‘A(@b)’
Dom(A) = {(w,2) € (H*(Q))*: dw/0v = 0z/ov =0 (z € 0N)}

Thb. EHZELIFACHBZD, AXZE S TRV, LAaL, LD Morse {58 &
A DRLZEEAE (ADEAME) OFBILLEARSE Z N TE 5. FEEE, RO LD
AER N D 5.

T 2.2 ([5]) 0<7<P%INETS. Rel < (v — 7Y2) /7 2729 A DEH
HIZRTHET, AL LIZRALHOADEAHEZED. TSIy >12KETD L,
Rel < (v — 1)/1 Ziii7= 3 ADBEAMHIZOWTIL, TORENEMEE & ML
BEEIE L, (2.10) OFMEu DT — AL, (5.5) DEMHEE (u*, v*) DA
LRERTIE T 5. £/, FEAMEIIFEETITEFEEIEL V.

ZDREMDRA > M, 2 DDBIBALI/ERIR DA TN U TR 2 1 4
52LTHE. TDLE, HOHHMTARNDEAHEMED /ST X —RIZBT K17
M G & BEAME) SEEHD ¥ —I270 5. IROFITI DFEHZ 52 5.
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FE 6 IR ORBEIZE T 5 #ELE A MR- O L FE L (spectral comparison
principle) &% &% &, [1] 12 & o T Cahn-Hilliard AR &, #£IZHIT < % phase-
field RO TEAS NIz, BRIE X TEHHY - ZHERIZE D o 720, BROBRAER
DIZEIT [36] 1 oIhE - T [25], [61], EFD FitzHugh-Nagumo 1% [5] 12X > T
Z DR TR L 7=.

FR 7T RBNEEE CRMENEEEIE T VWS L, Yarx o
ZEEEZLDEGEPIFLELRNE WS T 2EKT 5. £, APEEAHEE
BT LBZESITHY, LB VZABILITERELTHL.

FER 8 NI A—RIZET AR UMD & 12, w3 Ex D local minimizer D &
E, (ut, K(u*)) 2% (5.5) OREMIZI D Z L%, [40] CHEHHI N TWAS. EOEH
XS SIZENEREIEERIZE>TWVWS.

EE 9 FEREOHREA

w = dAu+ f(u) — K(u), z € Q, %:O, x € 0N

1T 3V F =B Ec(u) DABLRIZIR > TWE DY, EORBOLKM1 I T
W5B & &, SEHROEHEDIRD XA F I 7 AL FHIERR (5.5) OXIGT 5 FHifRED
MED XA F I 7 A%, HEMICBI2EEIE U TIEEMMIZHE CREENC RS Z
LEBIRLUTWS., KIBNZEENICDOWT OIS Wlkd ZHETH 5.

2.4 BEAEELRK
COMTIRER 22 2FML LS. =T, ROMEEILWT 5.

fiRE 2.3 A% (2.14) CEBINDIMAMEHFEL TS, 0< 7 <2 2RET 5.
A ZReA< (v =72/ Zifil=T A DEAGHEL T ZNIXEEAETDH .

[REAH] REZT7-TEEMEZ N =N\ +i\ EBE, T 2EABEZE (6,v) &
T5. ¢p=0¢,+ip; DY =1, +ih; LEL &

d V 2 2d _d — )\r )\z 27
Vel /Qa<x>|¢| x+/ﬂw¢ = (O + M) 6]
IV + ol — / 0z = 00 + N0
Q
ZZTa(z):= fl(u*(x)). \i #0725 EOXDREEA S
2 — 2 _ l - dab)d
JolF = 7l = 5 [ (6 = ir)d.

10



IRD
/Q (Gt + ditb)dz < |l = 7212,

A2 = (V912 + Al - / (Dot + itb)d > VI + (7 — 72 ]2

i
IV9I? < {7Ar = (v = 72 HIwl?

ERIETS. BLU, < (-85 b =0T¢p=0, K>TFF. ZT5LT

OB & T, 8 2.2 OEAMOEEREICHT 5 Rk (R B © %
(I A 0D —BY) HSEEI X N7z 2 L IR B

BE240<7<V?2y>12IKETE. \ %
Re) < min{(y — 7'1/2)/7', (v—1)/7}

iz A DIEEDEAEHEE TS, ZDE &

(2.15) Ker(A — AI) = Ker(A - \)" (m>2), I,.:= ( é 7_0[ ) ,

ZZTIIEEEHZETHS.
[GEBH] M 2312k NEETHSE. 7,

(A—)\IT)Z(EZ ) =0

BWT (60, 00)7 1EACHT 2 EARBISMIIES b BB & 2R, %
B,

(2.16) (iﬁ)‘:(““‘”ﬁ(m*(g)

EIRELUTHEZEL. (2.16) 25

(2.17) —dA¢y — f'(u")pr + V1 — A1 = o,
(2.18) =AYy + 9Py — o1 — TAYL = g
Thb.

o ()-(8)

11



ROT

0 = (At +v1Pg — do — TAYg, Vo) 12
= [IVYoll* + (v = 7)) [%0ll* — (¢, %0) 2
> (v = 7A)|[%oll* = Il ¢oll |0l
DHES. T U Tapy =0 F721F (v — 7)Yl < |lgoll DSBALT B, ¢y = 0 225
G0 = 0DHED DT, ZOHBEIEMANT B, —FH, (v —7N)|voll < l|ool| DEHE I,
REN< (y=1)/7 5
(2.19) [0l = (v = TA)[|[oll > ([0l
DO IO, UL LR S, DIFOMMR®S (2.19) ICFETE I e #Ehrn b,
ADHEEHE A ZEFRT 5.
“M(@)HZ (ww+f<>¢+¢>
(8 AYp =y —¢

DL (¢,0)" € Dom(A), (¢,9)" € Dom(A*) IZH U,

() (5.

= —(dA¢ + f'(u ¢ -1, 0)12 = (B¢ — 99 + ¢,9)p2

:((Z)W(i))w-

A* — A D¥% Ker(A* — M) £33, (¢o, —tho)T € Ker(A* — \I.) 539 <HED
DoNb. HEN(2.16) DRSS

o Po B 2 .
() )) = 6ol = 1ol = .

THIE (219) IZFETEDT, m=258FGEHTE .

— i
m ¢1 _ 0
(A= o) (%)—(0) (m>2),
DGEL, FEERDOERIZE > T

aosan(8)-(2)
()= (2)

25729 (g0, o) # (0,0) BFEAET DHRE/NI W E > 2128 U T, FBROHH % it
ATHIEFEPEINE. 25 LT T. O

PWRIND. FERE,

12



FR 10 ADEARED (¢,¢) 86, H&EIFEHE A OEERBD (¢, —¢Y) THX
5N Z M, ZO0 FitzHugh-Nagumo AFERRORET, —#iZZHIzHIind 2
MEE2EBEARRA LD eERET N TS ([51)).

ITC, UEO#fEDE &2, A DEFEE LOEAHEZ LKL X5, ADEA
ERTEIZIRD X S I2EIT B -

(2.20) —dA¢ — a(x)¢ + 1 = Ao, req,
—Ap+ 71— =T,
(2.21) 0¢/0v =0 /ov =0, x € IN.

ZIZTalz)=f(u(x)) EBWVWIZ. L2(Q) I8 5EEHE
(2.22) Ky = (—dAy +7—7A) "

EA< (Y72 /Tt LTREET S, TOK, L (213) TEHEI NS LEZHWV
5 &, A OEAMHEMBEX

(2.23) (L—K+EK\)¢=2Xp, ¢cHJ ()

LEZEINS., bbb, A OBEAMHEMEL (2.23) X, ¢ = Ky¢ BT
A< (y—712)/r ORI FCIRFAMBETH 5.

IR T,
Ay = —dAy
8L, Ko=K®RDT,
(2.24) Ky — K = TAK\K = TAKK,,

DD LD (Ky & Ay DUV IVRY MZIRS>TWVWAD Z LIZHER). 20 (2.24) 12
£-T(2.23) 1%

(225) Lo = A1—TEK\K)d
= Ml=7(Ay +7=7A) " (Ax +7)7'¢, ¢ € Dom(£)

LERINg.
0<7<y?and A < (v —7Y2) /7 OFM4DH LTI,

(2.26) (L =7E\K)9,¢)r2 >0 (¢ #0).

EE, A< (y -1V /T 225

T —< T g £ 0IHLT

Y—T

K\K < — 2 T gy
T(KA\Ko, ¢)2 < m”cﬁﬂ < —llol,

13



25U T (226) BES.
s> —(y =7V Iz LT
(2.27) M(s):=1—7(Ay +7+8) " (Ax +7)7*

EERTDHE,
(M(s)6,8)12 >0 (6 € L*(2),6 #0)

THd. TDM(s)IZE>TADEAMEME, T2bb5 (2.25) 1%
(2.28) L= AM(—T\)¢
Zii7zdNE o ZPRETHMEIREIND.

i 2.5 (2.27) CREFEIND M(s) 135 5 Hid S M: (H1), (H2) & (H3) %2729

GEH) &R0 (H1)

d
EM(S) =7(Av+7+8)*(Axv + )"

WIFEIEFZETH D Z e oHES.
RIZ (H2) 2 DD 5. £T,

(2.29)  s9M(s1) — s1M(s3) = (52 — s){I — T(Axy + 7+ 89) H(Axy + 7 +51)7 '}
ZRY.

SoM (s1) — s1 M (s2)
= (s2—s)] —{s2(An + 7+ 52) " —s1(Axv + 7+ 51) ' HAN +79) 7!
= (sg — 1) — T(Ax + v+ 52) H{(s2 — 51)
—s1(82 — s1)(Ay + 7+ 51)  HAy +9) 7
= (89— s1)1
—7(sy — 51)(An +7 + 52) HI — 51(Ax + 7+ 51) M Ax + )71

ZZT
I = (—dAn+y+s1—51)(—dAn+7) 7" = (Ay+y+s1) (T =s1(An+y+s1) ") (An+7y) 7
SQUREE RN
{I—si(Av+7+s) AV +7) " = (Av +7+5)"
NELNENS, ThzEEHTL L
soM(s1) —s1M(s9) = (53— s){I —7(Axy + 7+ 82) H(Ay + v +351)" '}

14



L7220 (2.29) DES.
ST <514y T2 <5+ &D

lll* < llol?

-1 -1 T
T((Ay +7 + 82) (A + 7+ 81) ', )2 < (v + 52) (7 £ 51)

DT
soM(s1) —s1M(sg) >0 (s2>s1) <  M(s1)/s1> M(s2)/s2 (s2> s1)

0 (H2) S, (H3) DF =v Z BB RO TEET 5. O
firRd 4.1 & A 4.2 Z2 R O IR EIE A R

(2.30) Lé=wM(s)p, ¢ € Dom(L)=Hy ().
AT 5. NTRA =R s \THERKNITHKAZT S (4.1) DEIGHEDIE {w,(s)}
wi(s) Swas) <+ <wp(s) Swppa(s) <o -

IZDOWTHEZD. EDOFERK D, AOEGHEOMEBUL s (THKIF LW, [LEDOHA
DEFMHEIZDONT, ZTNE wi(s) & T5E, s> 0IZDWTHEAEIMARDTsIZD
WT DA

w;(s) =—s/T (s>0)
Fw;j(0) <0EBERTBLEEDDMs=s; 2bD. \,=—sf LB IO
(2.25) §720b AD L BHOEAEEZS5A5. Z50LTC, ADADEAHEIFEM
& DEAMHERE (4.1) DADBEAMEE MG DWWz, I SIZMmiE43 2 EHT 5
Y, BOFEAEOBIZET A EHMDOEERNELWNI E23bH 5.

A& LOEBREMIZDOVWTIE, ZTRNENOEAMEEDESE 0(A), o(L) &

ERSR

0Dco(A)=0ca(L)

Thd. INZE>TEHOIEAPE 7T 5. O

3 REROHBILHARELR

ZOHiTIX (1.10) DD HREARZEK D . a =0DHEIE, Caginalp [2] ¥ Fix [13]
ko THAINAZT =1 X7 4 —)V K (phase field) HFEXDE%Z L TW5. (1.10)
DD FFER 2 EHER S BN, BIEU IR RRICDOWT X TS 5.

3.1 REFEAOHZHABEARICE T DILBABTIREN
MOEA TOHBRAREEZ LS

{ Uy = dAU+f(U,U),

€ .
Tv, = Av — f(u,v), !

(3.1)

15



Q ZE o RBER 2RO R OAFEET, BN 1 < B EA 2 R0E
5.
£ I DENROEMD AR ZFHNRD.

0 f it
T<hOrsMHEHEE LT
%w@ymm@):o
k0, s=ult) +To(t) £ B L ARRTEMMO SR
(3.3) uw= f(u,(s —u)/7)
WZIREIND. (3.3) DR u, Tbb
f' (s —u’)/7) =0
% i 7 3R BRI,
(3.4) fulu® (s =u)/7) = folu", (s —u*)/7)/T <0

DEESHETH 5.
& Z AT (3.2) DAl
flu,v) =0
Zi72 9 (u,0) 2K THB. L,

u(t) + to(t) = u(0) + 7v(0) (Vt € R)

RDT s =u(0) +v(0) &BITIE, FIEEZGEZ /2L SOV f=012MAT
RSB U Ts=u+roifEons.

(3.2) T (u,v) = (u*,v*) + (U, V), (u*,v*) = (u*, (s —u*)/7) LB WTFMT
(3.2) AL d 5 &

(3.5) U= fulu',0")U + folw 0"V,
: Tv: _fu<U*7U*)U_f”<u*’U*)V7
AL D175
( fu(u*,v*) folu,v) )
—fulw )T —folut,v%) /7
X[ A E

A=0, A= fu(u*,v*) = fo(u*,v*)/T

ZHO, HiEOZEEAMEIZEFEHPSHTL 3D TLEHITHEE LW 21T
FEELTHL.

16



T, Bl IEbE 5. ERETHE

(u) == ﬁ/ﬁudm

LRI L,
p Qu(x,t) + 71v(x,t)de =0
&0,
(3.6) s = (u(-,0)) +7(v(-,0)) = (u(-,1)) + 7{v(- 1)) (£=0)

DEMEDH T, (3.1) DELB MM (u*,v*) DLEMZFRS. (34) ZRKEL
T, WA AR (3.2) OFMREE LTI ZETHIILE2INET . ZOLZ
s=u"+ v IZEFEELTHKL.

AR VERGFMETD —A DEGMHEE {0;}j-12. WIHT 2 EHLS NEE
B#E {pj}jm10.. £ T3, $hbD

&L,
(u,v) = (u",0%) + ¥(&, m)p;(x)
EBWTHIRALT & &, 175D A EME

() () e ()

Do 5. \NDORMEARERIX
(3'7) /\2 - (fu - fv/T - (d+ 1/T)Uj)/\ + Jj(daj + dfv - fu>/7 =0

Thbd. j=1D0,EE o, =0 L VEBDOLGEIINIET 5. j>2055%F X
3. (34) ¥ HbET

(3.8) 0< fulu™,v") < fo(u™,v") /7T
5o, deta/NE<EeblEITEoT
(3.9) do; + df,(u*,v") — fu(u*,v*) <0

ETBILNTE, ZNEHIZT jIZDWTALEEL RS, T4b5, Turing B
DILERALEA LD 5.

AR 11 EORZEOFERIIVEFN LR THRIrO SN, LrL, T0kS
IRAFERIT BT D IABEEE AR EME DFE R A7 0 5ol [59], [71] (IZHEWTHE X
hiz. 5L L7ES, MIZEHWERAED 205 LR WABIED & 225 HDh -
TV,

17



3.2 FREHDHBHFEARICET S Lyapunov FEE
(3.1) DR G E L U TIROED AR %E ZOHiTide b HIT S

(3.10) { u = dAu — g(u + yv) + v,

x €
Ty = Av + g(u + yv) — v,

ZZTO0<d<1, 0<~y<1, k>0&9 5. Fifii& [ AERIC QWS PR %R
DR DA R T, BARSMIE ) 1 < VERGM R INET 5.

ZDEATOABENZ, 7=1D5H, [59], [71] IZEWTEAMZEEE LT
au u—+v

MEA TN, Turing MOILFGEEALZEMNR I 5 2 LD MHEIrDSNT VDS,
2Tl [25], [61] B L T[68] 7 & D Lyapunov BEUZBI T 2 Rz #fi— L 72 TH
g 5.

FLWZEHE LT

w=u-+yv, z=du+v

ZEALTCHEAZEEZET.
l;szwt M), = ddw — (1= yd)g(w) — dw + 2,
(3.12)
1- dfj - & =Tz = Az.
ZZT
1
(3.13) y<r<o
ZIREL T
1 — 7vd? 1—7d 1—7d T —
€= e a:u7 1T g ot
1 —dy 1—dy 1—dy 1—dy

eBLE, En>0 a,8>0 THIZ

f(w) = —(1 — dy)g(w) — dw
Yk (5.3) 1%

(3.14) wy — azy = dAw + f(w) + 2
nw, + Bz = Az
ERIN, (1.10) DRIZHEEEINS.
ZZT,
_ 1,0 —7d)
E=1+ =g

eRELHZITEFERLTEL.

18



wmRE 3.1 (3.14) &/ A X VEREMHEOL L TEZ L. P

d
E(w, 2) = /Q §]Vw\2 — F(w) + %22 + %\Vz!Q dx

EREHKT D, 722U, Fw)=["f(w) TH5. EEDOWS PR (w(x,t), 2(2,t))
Wz LT

dt ©
N AIRVASH

ié’ (w(-,t),2(-,t)) = —/ {ﬁwtz + %zf + l]VzP} dr <0
Q N n
[REHH] OB DR 2R D KX L.

= / dVw - Vw; — f(w)w, + ézzt + sz -Vz do
Q n n
16 o
= [ (—dAw — f(w))wy + —z2z, — —(Az)z dx
Q n n

z o
= /(Z —wy + azy)wy + E(AZ — nwy) — E(’?wt + Bz)z dx
Q

= / (—fwf - E\Vz\z - a—ﬂztz) dx.
Q U n

NEFHKOATHS. O
ER 12 (3.10) 2B WT v =0 DHEIE,

E=1, a =0, n=1-—rd, =T
LRBDT, (3.14) 1%

(3.15) {wt =dAw + f(w) + z,

(1 —7d)w; + 72, = Az
720, f=w(l—w?)857 24 RX7 14—V FABRNMZ 50D, 50545
X f(w) = —g(w) —dw THAS.
—H, T=~0DE&IE,
{=1+n7d, a=7v n=1  F=0
ER5DT

(3.16)

w; = Az.

{(1 +yd)wy — vz = dAw + f(w) + z,

19



BADHRAOHLIZ A ZFHEIES &
(1 + vd)Aw; — yAz = A(dAw + f(w)) + Az.
2FHDERNE t T T 5L
wy = Az
e, wy=AzzHWw5&
(3.17) wy + ywy = —A[dAw + f(w) — (1 + yd)w]

D —DDERw TRTILNTES.

3.3 EEHE&E
(5.5)(T 7B (3.14)) DGE D VHEEZ TR S,

(3.18) Eup — avy = dAu+ f(u) + v, e
nuy + Buy = Aw,
A~ VR
Ju Ov
DHLETEZRD. ILITHRFAILD
(3.20) m = nu) + B(o)
LB ZOHBAROERME X
(3.21) {dAu + f(u)+v =0, e

Av =0,

(TSRS (3.19) & HIRSAE: (5.6) DRI N B.
BAOEMWMET S, ZOLE(321)D2FHDANS

(3.22) v=(0) = 5(m =),
Ih (3.21) OFRMDORITAAT S &
1 n B ou B
(3.23) dAu+ f(u)+ 3 (m— 9] Quda:> =0 (z€e), 5 = 0 (x€09)

20



NESNS., ZOHBERIE, RO 32ILX —NEEEK

(324)  En(u) = /Q g|Vu|2 ~ F(u)de + % (m _ ﬁﬁl/ﬂudxy

@ Euler-Lagrange Ff2:NIZR > TW\W5. 5EEE,

d 1
Egm(u+6gp)|€:0 = /QquVgo — flu)p — B/Q (m — & Qudx> odr
XObhb.
—7, HiEfi& D (3.18) I Lyapunov EA%K
E(u,v) == /Q g\Vu\z — F(u) + 2%1)2 + %WU\Q dx
ZHD. ZORIT(3.22) 2RAT B L
(3.25) Eclu, (m —n(w))/B) = En(u)
DD LD. F7z,
Q
Eulut) = Enlu)+ ol + o[V = 2L = nu?
_ o s, B s P s |9 2
= En(u) + %HVUH + %HU - "+ %H(U)H - %(m —n(w))
_ o s B _ 2, BlQ, _ M _ 2
= Enlu) + %HVUH + %HU WII*+ W(@ 267](771 n{u))

_ o 2 ﬁ _ 2
= Enlu) + 5HIVOIR + 4ol = (WP

ZZT(3.22) &0
B (v)? = (m —n(u))* = (B{v) — m +n{u))(B{v) +m —n{u)) =0
Zfdio 7z,
ITL=0D&EX(5.6) 1%
(3.26) m = n{u)
7, (321) o

dAu+ f(u) + (v) =0 (z € Q), %:O, x € 00

R, R L B
{f(u)) +(v) =0

21



AN

ou
(3.27) dAu+ f(u |Q|/f =0, z €, £ =0, €N

ZHIRGRM: (3.26) BEREI NS, T T ARILF — N
(3.28) Ea(u) = / g|Vu|2 — F(u)dx
Q

IZDWT, RS (3. 26) DH & T HY(Q) TER % FZNIEZ D Euler-Lagrange
FREAAY (3.27) LB, EBE,

d
—&a(U 4 Q) je=0 = / dVuVe — f(u)pdx
de Q

EINHERZEME DD (0) =0 22T XD IENZ2 L 5720,

dAu+ f(u) =

EREFBANDVBNDEDTHS.

ST, &, DEESUR u* I2HB1T 25 2IROEFHEP S EDr NS IUAI/ERZE L D
B DEAEDOMEE (Morse f548%) &, SEHMIf#E (v, v*) = (u*, (m —n{u*))/B) ITHT
% (5.5) DIFCALIERR A DADEAHEOIER 2RO 2 Z N TE 5. XHD
36] , [25] , [61] IZHBWT, TNENMEHIZ a =0DE, =0 D%GGE, >0 D%
éﬁ%ﬁ%éj’bf AV

ER 13 2 DONBEE (u,v) & En(u) DRI (3.25) B&LT
Ec(u,v) = Ep(u)
DK DAL > TW5. FitzHugh-Nagumo DIGEIZDWTH, Ep & Ex DRI
Er(u,v) 2 Ep(u, K(u)) = Ex(u)
DL D NLD. 2D &S ME I semi-unfolding-minimality & & 1£40 ([45]), 7=
A7 4=V RARAPZOHI T Y B EFERIZDOWVWT, &, @ local minimizer

u* DICD Y AT LD R (0 0*) DXA F IANIREENE GRS L ERUT
W5End 5 ([61], [62], [76]).
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3.4 REFEAZFORICSITZEEELLR

ZOHiTIX 3.18) TR =0DEA (TN B310)IXBT2y=71=1DH6%4
£) 122V T, FitzHugh-Nagumo SFERIZDWTITo72 & 512, VAT L DKy
fi DRREALE A ERRE & (3.27) DR IE T 2 iRz B3 2 b E Al R —E o [H
AlEZ T 5. ZORGE, (3.27) DEEDOESRED S, (3.18) DLEM D22 MM
ZHIFIRHD B Z 0B, BIZAE, FHAREETIE, 208 72 M 5 Az e
NHdIEeNRIN5.

BB, TOL=0BIZ, 7714 X714 =L EROFIZES a=0D & X ([36])
&, —i&IZ B > 0 DGEIT DO WTEAMEBEPIHE ST WS ([61]). L2L, 8>0
DBFEITIFNT A= I UTEREIRI N, RTDONTA—XEIZHKD ZD &
D IRRERIE, BT L TV,

(3.18) T B =0 DA,

(3.29) r e

Euy — avy = dAu+ f(u) + v,
nu; = Awv,

=06, O E (ut(x), v (z)) & B ERYEALEA EREIX

(3.30) A(Z)::(—M&wtgfw+wr>:A(w;ﬁw>_

722U, HEREME (9) = 023 <.
— 1 (3.27) OX RS 2 PMRIE u = u*(z) T, Z OMIALEAEREIX

(331) Ly :=—[Ap+ f'(u(z))p — (f'(u"(2)p)] = ne, () =0

Ths.
9, WORRIIEELTEL. 2.4 L FEAROWED D LD,

8 3.2 Re) < ¢ &7z 9 EAMEME (3.30) DEAME N IZRTHET,

Ker(A — AJ) = Ker(A = A" (m > 2), J:=<§ _oa)

D ONLD KD IRIED § BT 5.

GEWH) W 2.4 X ARARERE SRS, A TR L. O

PAF DG Tl Red < 6 Z2imi 7z EAMEICHREL T (3.30) D A& (331) D L
ZHARS, (330) 22D LE2fioRITESET. EHY

QY =1 — ()

FWAT . (§) — 0 DEEIE Qb — ¢ ILHELT, HFERE Q %> THIET
2
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—[dAp + Qf (u")o + QU] = AMEp — aQ)
—AQY = o
—(f'(u") o) + (V) = A1)
BHEORDS
(A= 1)) = (f'(u")o)
BOT, \DHFAZHIRST S 6 2B S/NILKoTHL L, ¢ HWENIE (W)
VINVA b, &=
2RHDORA
QY = An(—Ayx)"'¢
rEXEL, 1HFHORITRALTEET S L
—[dAP+Q [ (u*)@] = A(Ep—an A (—An) " o+n(—AN)'d) = A[E+n(1—aX)(—Ax) "]
ZIZT, Qf(u)e = f(u)p— (f(u)p)) ZMHEXIX, K&
(3.32) Lo=ANE+n(1—aX)(=Ax)"¢, (¢)=0

LEZEINS.
FitzHugh-Nagumo @ & & & [FAkkIZ

M(s) =& +n(1+s)(—Ay)™
EEHRT DL (3.32) 1%
Lo=M(—aNg,  (¢)=0
ThHbd. ZDOM(s)IZ2\WT, HE5HiD (HL), (H2), (H3) DERM4EFHEIDIUL I .
AFAl 134 H CTHED D TARL .
IO5LTIROER %2155,

EHE 3.3 (3.30) & (3.31) DADEEEOLIIEEE 2IADT—HT 5. F7-3EH
BEIZDOWTH, FIETTEEEIZ KT 5.
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3.5 EBELEREEDIGA
ZOEITIE, HfiOEHE 33 2I6HL T, HEES ORISR

(3.33)

{ut:dAu—g(u+v)+v, P

vy =Av+ g(u+v) —wv,
DL ENAM R D ZEFIEARD, FIHDIIRIZKRESEFETE L 2RY. Fa—U Yy
URLEEDHRID 52N FA—REH0<d <1 TERXBILITT 5.
K Q C R™ 13 2y Bl 2 5 170102 B DIR D EPIR I
(3.34) Q=(0,L)xD={zx=(x1,y):0<21 <L, ye D}

EZDH., ZZTDRRIOFDESPREBERE2EODOEREETHS. -,
n=10t &0 =(0,L) &5 5.

EE 34 0<d<1&l, (3.33) 2% (3.34) TER, /A VEREEEZRET
% & F DL ELNMR (u,v) = (u*(z),v*(x)) 1 d oy AAIZHFATHD. 72, n=1
TR R DG E, D Va3 ER %D, BIERELTWS.

GEHH] 7 A~ VBEREZMFEOBEE2ETRT. Bftw=utv,z=dut+viZ&->T
(3.14) DRIZEHEESET I LN TE DN, WEDHE

{=1+d, ,a=n=1 p=0, f[f(w)=—-(1-dg(w)—dw
ThHd. Az=0X&0 21F—EHRDT, TOEEMEIZwDHER
dAw + f(w) — (f(w)) =0, (w) =m

ZREEIND. 2 2 Tm SN (uo(x), vo(z)) 2 — DD T2 & ZIT (ug+vo) = m
MOoRESL., ZOE v =u+0v* T DL,

(3.35) u(z) =m —(g(w")) — —— + ——w"(x),
(3.36) vi(z) = (g(w)) + 77— — ——w'(z)
LRIND., TN 2 =dut + v BEBIZRDT

2" =du + 0" =du) + (V) =dm + (1 — d){v").

—7i
dAw* — (1 —d)g(w*) + (1 —d)v* =0
£ 0 (g(w")) = (v*) B’ErN, K

w* =u* 4", 2 =du” + 0" =dm+ (1 —d){g(w"))
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£ 0 (3.35), (3.36) BEoNE. ZhH5DAN S, w* BWHFHR S v v HHHAT,
F77, v TF DB TR NIE v B EFTRWD.
w*(z) DRI THRWEREL T, ZOMIALIEAZE

(3.37) Lo =—[dAp+ f'(w)p — (f(w)p)], (p)=0
WHEIZADEAEZR D Z & 27, AIEIORMEELD, (v, v*) OMIEALEREDS
BOREAHEEZD D, BHFHTREWL (v v) IR LT uw* bRFTRVOT, EHOE
RPIELWZ &AW 5.

(3.37) IFIRDENHEDOHE 125 LTRoND Z 2 BVHES ¢

Euw) = [ §IVul = Fluyds, we{oe H(Q): (6) =m)
ZIZTF(w)=["fw)dw. ZD%H2245731F

Klo) = [ AVl — fu)ede, o loe HR): (0) =0)
ThHD. K(¢) <0 LBRDEBAIEIET S L ARENETHTH S, w IE 2 il
SR THRNDT @ = wi o HAICRHEEAT S, £z, JiEXZ 2, T

R4 X
dAD + f'(w*)® =0

Zhi7z 3, (P)=0&FRomw. 22T
By (@)i= 0@ + 0@, P (@) = 2(0() - [0(x)
EEHRTD. O(x) =, (2) +P_(x) 7293,
d(z) = &4 (z) 4 c®_ (), (®) =0

LB EDITcrPDD. BHHTIE
0P

d(z) =0 (z€{0}xD,{L} x D), 5, =0 (z € (0,L) x OD)
DT, dBLY, O =0, +2D_ITHLT
- 0 T
d(z) =0'(2) =0 (x € {0}xD,{L}xD), g—i):%%:o (z € (0, L)x0D).

X 51T,

P? = (O + O_)(D) 4 2D_) = DO,
VO|2 = (VD, +VP_) - (VD, + VD) =V Vol
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ICHERELT
K(P) :(/V@-Véﬁ—fwﬂéﬁdx
Q
_ _/%A¢+f@ﬂ¢mum:o
Q

DO OHNDELEES LETEONTHRLSBLEZDT, KDHE/MURE 12720 157
W, Ko THIPALERZE C IZADEAEZ + D.
I, FAMEREEOEEEZRTED. x=15, BWVT

K(g) = / Ao — ' )td, e {pe HL(0.L): (¢) =0}

L
K(w}) =0, / widr =0
0
L0, wEBEAMEICETIEAEERICZ->TVWS, /AT DeEDLSIZT
DR EFET 2 Z L IETERVDO TR ERVBETH 5.
w*(z) BIEEHTHIETRIINIE, T<a<ed wi(n) X[0,L) IZBWTER
Z2ME 5D, 2o wk i, BAEICBIT 2 HIBRAN R E A ERE

ﬁgp = _[dgpmc + f/(w*)QO]
DEEBEBTEHBDT, AVILA-)ay OGNS, ZOMEDE 1 EHEe
fEC 5 2 FEAMITEIZZRS. TNSIINT BEEEE ¢, 2 T5E
(1 + ctp2) =0

ERBEDITcmEDILENTES. EEE, () =076 K1) < 012 & DEEA
I3 H 5.

(L1, )12 = (Y1, Laho)2 =0
ZHEET S L,

L
K31+ ciho) = /0 d) (11 + c2)o|? — f/(w*) (W1 + i) da = K(t1) + K (2) < 0.

CHTREMMAKT Lz, O

FR 14 LOEHOWERMNH 5 L DLEMEDHmIE, [55] 1L b. [76] ICH[H
PROFEAD D 5. £7-, FMEREGDEGEIX [36) TRONWHRTH 5.

ER 15 [71] % [59] T, BRI (3.11) D g iz oW T, HREAZE AR SMA O
HEETvIal—rvarylTWwad, Thlkd e, Fa—) v IR geEtick->T
U RR = NIEBD ANA TIRDON X =R E L7, AN 78D LT
DL CTWE, 727 —DDANA I NZ—VIZREER-1ZIZELEL. b,
B=0DHBEIZEFAROE LS, EOEHIIEBEGBEOKROBUARIE Y% 5
25, 128, B=0DGEI1CE FABEOMENK D IO,
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4 BEHRED/NNZX—FICETERENE

COHITIFLATO &L S 2EAHEMEZEZ XS, M(s) (s > 0) 1%, & sITH LT LA(Q)
B AERTHOHBRERAZL TS, S SITIEEM M(s) > 0 (Vs > 0), 374
HH

(M(s)d,¢)r2 >0 (¢ € L*(Q), 6 #0)

EINET S, 2O M(s) ZHWT L2(Q) ODEANENFEE / VL%

(6, 0)s == (M(8)d, D)2, ||olls ==V (6, 0)s

TEHTD. HOMTEFED / VLA LFEETH 5.

Ay =—dAy & U, B% [? FOHCHELEREHFZE LT 5L, Ay +BIXH
CQHETHS. (Av+B—wM(s)  IEFFHREV —w > 0/ LTHEL, T
N MERHZIZR>TWB I L 2IET 5.

Rayleigh % (quotient) %

_d|[Ve|? + (Bé,8)se
BE

TEHRTS. ZOZESMBEIZKIET S, Euler-Lagrange HFEI

R(¢; 5] :

(4.1) Lo =wM(s)p, ¢ € Dom(L) = H3 (%),
ﬁ = —dAN - B

% s> 0T/ UT (4.1) DEFEEDES {w,(s)} ZEEEZAD TIRD K 5 IZJEHF
513 5
wi(s) S wa(s) < -+ <wji(s) Swjpa(s) < -+ -

w; () ITES 2 EBUL S N EERIEE ¢,(s) LT 5. THDB (¢;(59), dul(19))s =
5jk.7§ﬁﬁﬁﬁ% (4.1) 12X LT Min-Max JFERIZ K 2R IT 2 £ 2D THL. M
& L2(Q) D n KGEHD LKL T3, Tabb
M" ={X, Cc L*(Q): X, X dimX, =n OEBHZEM }.
DL E,
(4.2) wa(s) = inf sup{R[d;s]: d € Xu, ¢ # 0}.
F77 w,(s) RO &S ITHEOII5 25 TE 5.

wa(s) = sup Inf{R[d:s]: ¢ € L*(Q), (4, ), = 0(Vy € Z)}.

ZeMn—1
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ZZTMUIRLA(Q) Do — IR FOE A2 Z tka R, B, %L
RBRD DD E IR EGHEZERET DU TORNTHA 5.

wn(s) = inf{R[¢; 5] : o € L*(Q), 6 # 0,
(¢7 (bj('?S))s =0 (] = 1727 cee, = 1>}

FELD 3 oDERIZFEMETH 5 (SCHR [10] ).
IR, M(s) (s > 0) IZIRDIREZE T 5:

(H1) M(s) & s iZDWTHGABM, J4bb
0< M(sy) —M(s1), 0< s <8
NS AIRVASN
(H2) M(s)/slxs > 0IZDWTHFRFD, T42bb,
0< M(s1)/s1 — M(sy)/s2,  0<s5 <5y
ANDA/RVASR
(H3) 2 IEDEBCy & nBFAEL T
[M(s) = M(O)[[op < Crs  (0<s<mn)
ANDA/RVASR
ROMEIXEAMED s 1ZB9 5 Btz R,
i 4.1 (i) w.(0) > 0 DGA
Wa(51) = wn(s2) >0 (0< 51 < )
NS AIRVASR
(ii) wn(0) < 0 DG

N RIRVASH

(ili) wn(0) =0 7825 w,(s) = (SZO)’C“%%G. 72, wu(s0) =075 55> 07"
FAET NI w,(s) =0 (s > 0) DK D LD,

IR D 1M & REES B .

0 4.2 (4.1) OFFEEME w,(s) 1% 5 1IZDWVWT[0,00) THAKLTH 5.
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RIZ s =0 DEAME {w,(0)} &, V=1 MEFZ R\ L OFEAERE
(4.3) Lé=Ap, ¢ € Dom(L)

DEAESEARD Z N TE L. ROMEIER OEAELEY? S ErNEDT
EIRIES =]

il 4.3 s =0DHAD (4.1) DEAEFE & (4.3) DZTNIIEWT, ADMEAE

DEFBIZECEEZADT—HT 5. £, ZEAGHEPFET Z5EG, TOEEE
=9 5.

EED 20D 4.1, 4.2 DD 7= D12 MBI E H A HE i 3 5.

4.4 TED o e L2(Q)ITHLT

(4.4) [Pllse < llllss (0 <51 <s9),
2 2
) A
S9 S1
YARN®)
(4.6) ol < 19l < X+ Cos)liglly  (0<s<n)
NP RVASR

FERH] RGE (H1), (H2) &0 (i) & (i) REWETH 5. (i) &

o112 = 1815 = (M(s) — M(0))¢, §) 12
Y (H3) 0 MsA. O

(4.7) Klg] :== d|Vo|? + (B¢, d)r2 (¢ € H'(Q))
e BL.
R 4.5 0 <51 < 59 DD wy(s2) > 0725 wy(s2) < wp(sy).

[RERA]  inf-sup & 4 7D Min-Max JFH (4.2) &5 w,(s2) > 0K D, IRD K S 7
6> 0DFET 5!

sup {KIG)/0I2, : 6 € E.o#0} 26 (E €M),

30



e n s
sup {K[o]/||6]1%, : 6 € E, ¢ # 0} =sup {K[¢]/||¢]1Z, : ¢ € E, ¢ #0,K[¢] > 0}.
(42) &b

= inf sup ‘fbﬁ‘fi 6€ £.6£0,Kl6] 20}
< g s {50 € B0 £ 0.0 > 0}
= inf sup { \TCH L sep o4 0} — wn(s1).

INFHHWOAEATHS. O

T A6 0 <51 < 50 DDwn(s1) > 07250 < wls) < (so/51)wn(s2). X5
wa(0) > 0725
0 <wn(0) < (1+nyr8)wnls) (0<s).
FEFH]  (4.2) & wa(s1) >0 &0 MDE 576, > 0 BMHET -
sup {K[el/ (1913, : 9 € B,¢ #0} > 61 (B € M").

eSS
sup {K[el/ (1613, : ¢ € B,¢ # 0} =sup {K[¢l/[I9]3, : ¢ € E,¢ # 0,K[¢] > 0}.
—H, (4.2) & Lemma 4.4 £ 0

Klo] }

wn(s1) = Emf sup{

16113,
— g {0 € B0 20,0 2 0
< Eierignsup{zj @[‘(’2 rpEE, 9#0,Kg] >0
< j—Eggup{@f] :cbeE,cb%OJC[cb]zO}
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FBEIZ LT s = 0D & 13 Klo] > 0125 LT

Kol <1+ Cls)% (s >0)

lollg — [fells
ALV 25 UCHEHEYETT 5. O
ROFEIZHPTH 5.
R 4.7 (4.1) OEFEAMEIZN T 2EAZEMIE s > 0 ITHRAF L7232,
IROFEEIE FE 4.5, 4.6 £ 47D 605,
WA 48 L, D sy > 01U Tw,(sg) >0%5, BTDs >0 LT

we(8) >0THB. £72, D5 50> 01T UTwu(sy) <0786, TD s> 01X
LTw,(s) <0 TH5.

[REBH] B D FERIIMELS EME46 oD . BPEFEFHECELS. L, E
UKBWERET D& wy(s1) > 075 s >0V FETS. LrL, 47 &0
Wn(51) =0725 w,(s) =0(s>0) THD. 7z, wp(s1) > 0785 w(s) >0 (s >0)
ROT, ZNEFFETHS. O

IROMEEIZEDBEAHEIZDOWVWTNT A—& s IZET 5 K/NEREESZ 5.
B 4.9 D sp >0 U Twa(s) <02T2L0<s <545
(4.8) wn(81) < wn(s2) < (s1/82)wn(s1)

BEED LD, E 51T, wa(0) <0 %5

4.9 wp(s) <
(4.9 ORS

N RIRVASH

[GEBH] #HRE 4.6 12X > T, ERED s > 01N LTw,(s) <0 THD. w,(sy) <072
DT, ERIZHEAONTze € (0, —wu(s2)) ITRHULTH D E. € M™ TiR%Z72FH
DIPFAET 5

sup{K[¢]/|9]1%, : ¢ € Ec, ¢ # 0} < wa(s2) + €.
Z5LToe B AHLTK[g <0 2R |62 <[4 25

wnls1) = it sup {KIg)/I6I, : 6 € F,0 £ 0}

sup{K[o]/[|0]l2, : ¢ € Ec, ¢ # 0}
sup{K[g]/[|¢lI%, : ¢ € B, & # 0} < wa(s2) +
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Mifle |0 &2 &5 & wy(s)) < wnl(se).
RIZ (4.8) DEMMDAEFERZRT . w,(s1) <OEZMOERED e € (0, —w,(s1)) 12
HUTE € M" TIROLDWVFIET S -

sup{K[¢]/|4I, : ¢ € B, ¢ # 0} <wy(s1) +e.
fERD ¢ € EATHUTK[G] <0 &, 1/[I9l, = (s1/52)(1/[19II5,) 25
wn(sz) = inf sup {K[e]/4], : ¢ € E, ¢ # 0}
< wMK[MWH-¢€EL¢#@

< sup{s H’j“f] be Ee,méO} < (o) + )

MR e L 0 2 &2 & w,(se) < (s1/89)wn(s1). T 5 UTHIEEAFET & 7=.
BHlEs, =00 & Klp] <0izxf LT

Klel/lolls < Kll/ 191l < Klgl/lolg (s> 0)

P T 14 ny.s

DR SLDODT, THEMIIEHE L ARICHEHTE S, O
[ 4.1 LA 4.2 OFEHA): fHE 4.6, fiEH 4.7, #iEH 4.8, fHE 4.9 B X M
& 4.1, mE 42 DFERN ST SIS, O

ERE 16 N7 A —XIZEET 2 GO IE STk [26) TE SR I N, &ﬁu
DH LG T BEAMHES REL L CEIIN TS, TOBHMITT61] T
RSINTWNTA=RIZET B HIRIIBETRLS B o T,
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5 Profile of equilibrium solutions

We are concerned with the reaction-diffusion system:

(5.1)

{ u = dAu — g(u +v) + v, e

vy =Av+g(u+v)—wv,

with the Neumann boundary condition

ou  Ov

—=-—=0 € 00
ov  Ov ’ v ’
where €2 is a bounded domain of R™ with smooth boundary 02 and 0 < d < 1.
We note that the diffusion coefficients of u and v equations are normalized as 1 in

the v-equation and d in the u-equation, that is, d stands for the ratio of the two
diffusion coefficients. Here, we deal with the case of the function g(w) given by

g(w) =

(5.2)

(w+1)*

It is known that there exists a unique nonnegative classical solution satisfying the
initial condition

(u(z,0),v(x,0)) = (uo(x),vo(x)), ug,vo € C°(Q), up(x) > 0,v0(z) >0 (z € Q).

Under the evolution of the system, the total mass is conserved:

/Q(u(a:7t) oz, t))dz = /(uo(a:) Foolzo))de (¢ > 0).

Q

Moreover, the system allows a Lyapunov function, that is,
d 2 d 2 1 2
L(u,v) = §|V(u +0)*+ (1 —d)G(u+v)+ E(u +0v)° + §|V(du +0)|* » dx,
Q

where G(u) := [’ g(u)du.

Lemma 5.1 The omega-limit of the orbit of the solution of (5.1)-(5.2) consists of
equilibrium solutions.

Proof. By the new variables
w=u-+wv, z=du—+v
the system is transformed to

(1+ dwy — 2z, = dAw — (1 — d)g(w) — dw + z,
(5.3)

wy = Az.
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Utilizing
d 2 d o, 1 2
Li(w,z) = §|Vw] —|—(1—d)G(w)+§w —|—§|Vz\ dx
0

yields

d
Eﬁl(w('a t)? Z('v t))

= /[de Vw4 (1 = d)g(w) + dw)w; + Vz - Vz; |dx
Q

= /Q[(—dAw + (1 —d)g(w) + dw)wy — zAz|dz

= /Q[(—wt + 2z + 2)wy — wyz) do

= /[—(1 + d)w? + zwy] dr = /[—(1 + d)w? + zAz] dx

_ _/[(1 +dyu? + V22 da.
Q
This implies that

(5.4) %ﬁl(w,z) =0 VMeR) & w=0, z(t) =/ (z(1) (VteR).

On the other hand, in view of (5.3) we have
(L4 d){wr) = (z) = =(1 = d)(g(w)) — dm + (2).
Applying (5.4) to this equation yields
(z) = (1 = d){g(w)) + dm — (2).
The uniform boundednes of the solution for all ¢ implies (z;) = d(z)/dt = 0, hence,

(z(+,t)) is constant. In the consequence we can assert that

d
il — Vi € R
tﬁl(w,z) 0 (VteR)

is realized by only equilibrium solutions. This yields that the omega-limit set of
the solution is contained in a set of equilibrium solutions. [

5.1 Stationary problem
We deal with the stationary problem of (5.1)-(5.2),

(5.5)

dAu — =0
{ u—g(ut+v)+v , reQ,

Av+g(u+v)—v=0,
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with the Neumann boundary condition (5.2) and the total mass constraint
(5.6) /(u—i—v)dm—M, ie. (u) + (v) = M/|QY = m.
Q

Set w = u + v. By a straightforward computation, the system (5.5) is reduced to
the scalar equation for w = u + v,
(5.7) —dAw + (1 —d)g(w) +dw =\ (z € Q),

with the Neumann boundary condition dw/0v = 0 on 02 and the total mass
constraint fQ wdx = M, where X is the Lagrange multiplier.
This scalar equation is the Euler-Lagrange equation of the energy functional

(5.8) E(w) = /ﬂ (gwa + (1 —d)G(w) + guﬂ) d,

under the total mass constraint (5.6), where the function G is given by

Gw:/ u) du = log |w + 1| + -1

() = [ gl du=loghu+ 1]+
We focus on positive solutions to the system (5.1) minimizing the corresponding
energy functional £&. We note that the gradient flow is given by the evolutionary
equation

(5.9) wy = dAw — (1 —d)g(w) — dw + (1 — d)(g(w)) + dm (x € Q),
with the Neumann boundary condition. We easily verify

d 2
té’(w( ) = / w; dr <0

We remark that by the strong maximum principle of parabolic equations we know
w(z,t) > 0 for initial data wy(x) > 0, % 0.
We consider the variational problem

(5.10) inf €(w) = ﬁjf/g <g|Vw|2 + (1 — d)G(w) + guﬂ) de,

subject to an admissible set

A::{wEHl(Q):/wdx:M,wZO}.
Q
This allows a minimizing sequence in A. We let @ be a function which attains the
infimum of the energy in the admissible set. By virtue of the mass constrain, w is
not identically zero. If it has a zero, then applying the gradient flow takes us to a
positive solution for ¢ > 0 with less energy than w, which yields a contradiction.
Hence w is a positive minimizer in 4 and satisfies the Euler-Lagrange equation
(5.7).

We have the next property of any positive solution (5.7).
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Lemma 5.2 Let w*(x) be a positive solution to (5.7). Then
dw*(z) < A < w*(x) (z € Q)
holds, where X is the Lagrange multiplier of (5.7) for w*(x).

Proof.  Let

w* (T,,) = minw*(z), w*(zy) = max w*(x).
e z€ef)

By (5.7) we have

0 < Aw*(zp) = (1 —d)g(w () + dw*(z,) — A
< (1 = dw* () + dw () — X = w"(x) — A,

while
(1 —d)g(w*(zp)) + dw*(zp) — A = Aw*(xp) <0,

which implies
0<(l—=d)g(w(zpy)) <X—dw"(zy).

Hence, we obtain
dw*(xpr) < A < w* ().

This concludes the proof. [J

By this lemma we obtain one-to-one correspondence between positive solution
(5.7) and (5.5) with the Neumann conditions by

(5.11) u'(z) = T (w(z) = A) = —(w"(x) — 2" (x)),

(5.12) v (x)

In addtiion, we see
L(u*,v*) = Ly(w, ") = & (w).

We obtain:

Lemma 5.3 Let (u*,v*) be a positive solution which minimize the functional L.
in Ay := {(u,v) € H*(:R?) 1 u> 0,0 >0, (u) + (v) =m}. Then w* = du* + v*
s a positive minimizer of £ in A. On the other hand if w* is a positive minimizer
of & in A, then (u*,v*) defined by (5.11)-(5.12) attains the infmum of L in As
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6 Profile of the minimizer

In this section we first provide some qualitative aspect of the profile for the mini-
mizer of & (w) of (5.8) in specific domains, an interval and a rectangle. Then we
investigate the asymptotic profile of the minimizer in the interval as d = 2 — 0.

6.1 Monotonicity of minimizers

In view of the work by Gurtin-Matano [55] we have

Lemma 6.1 Consider a minimizer of £ (w) of (5.8) in a cylindrical domain
Q={(r,y):0<ax <L, yeDCR" '}

where D is a bounded domain with the smooth boundary 0D. Then the minimizer
18 monotone in the axial direction, that is, constant or strictly monotone in x-axis.

Since the constant solution cannot be minimizer for small d, we have the next
result.

Lemma 6.2 Let Q = (0,1). Then there is d. > 0 such that the minimizer of
E1(w) is strictly monotone if d < d..

In addition in a rectangle domain we have

Lemma 6.3 Let Q = {(z,y): 0 <z <1, 0 <y < L} and consider the minimizer
of &1 in this domain. Assume d < d.. Then there is L. > 0 such that the minimizer
18 strictly monotone in both x and y azes.

This lemma implies that only corners of the domain allows the maximum and the
minimum of the minimizer if the rectangle is sufficiently fat .

6.2 Asymptotic profile of minimizers

We investigate the asymptotic behavior of the minimizer of (5.10) as d = &% —
0 (¢ > 0) when the domain is a one-dimensional interval 2 = (0,1). The corre-
sponding Euler-Lagrange equation is given by

(6.1) —we, + (1 —¥)glw) + 2w =X (0<z<1),
w,(0) = w,(1) =0,

with

(6.2) /Olwd:c:M.
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We introduce a key scaling parameter. Let K = k. be a positive solution of the
equation

log K
2 _

(6.3) =7
It is seen that there is an interval (0, ;) in which k. is strictly decreasing and that
lim. o, k. = +00. We note that from (6.3)

log ke
(6.4) ekey/log k. = s

£

follows.
Suppose that w. is a global minimizer of the functional
1 /2 g2
(6.5) E(w) = / (Ewi + (1 - )G (w) + §w2> dz,
0
in the admissible set A. Without loss generality, we may assume that w,. is mono-
tone decreasing.

Theorem 6.4 ([7]) Let k. be the solution of (6.3) and the function w. be a min-

imizer of the functional (6.5). Assume w. to be decreasing. Then the following
propertirs hold:

(i) The sequence {w.} converges to Md(x) in the following sense:
1
/ we(z)dx = M, lim sup w.(z) =0 (Vne€ (0,1)),
0 e0n<est
where §(x) is the Dirac delta function.

(i) Set p. := maxp<,<i we(x) = w.(0). There exist constants 0 < C7 < Cy and
g1 > 0 such that

C{S%SC& (0<6<51).

(iii) Define W.(z) := -w. (%) The sequence {W.} converges to a function

L_a () <g<¥2)
W. — a 4 a /?
O(x) {0 (\/Tigx)

in C’loo’g (0<a<1), where a = \/?))LM? Furthermore,
(6.6) lim e = .

The following Corollary immediately follows:

Corollary 6.5 Let w. be a minimizer of the functional (6.5) and (ue,v:) be the
associative solution to the system (5.5) through the relation (5.11)-(5.12). Then
the sequence {u.} converges to Mo(x) in the same sense describing in Theorem
6.4 (1) and the sequence {v.} converges to 0 in L>(0,1).
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6.3 Proof of (i) and (ii) of Theorem 2.2

We define
_)2Mk(1 —kx) (0<2<1/K),
Pe() = {0 (1/k <z <1).

Lemma 6.6 There are constants Cy > 0 and ¢ > 0 such that

(6.7) £.(6) < Co 28R (0 <2<z

Re

Proof. We simply write x instead of k. below. Plugging the test function in the
functional, we compute the energy term-by-term:

1 1/k
[ t@ie = [ aret) do = v
0 0
1 1/k 4
/ (¢)da = / AM*K*(1 — ko) de = §M2/@,
0 0

! 1 1 1
log(d + Dz = = + —— ) log (2Mk + 1) — —,
/0 og(¢. + 1)dz ( +2M/<;2> og (2M~K +1)

K K

and

/1 L 1) L og(2Mr+1) -
— r = o K - —.
o \o.+1 oM 8 K

Therefore, we have

) 1 1 1
gg(¢5) = 2M252/§5 + (1 — 52) |:(; + QMHQ) log (2M/€ + 1) — E

1 1 2
+(1—¢?) [W log(2M~r + 1) — E] + §M82l€.

Since the definition of kK = k., we see ¢2k® = log k/k, which implies the desired
inequality (6.7). O

From the above lemma we see that the minimizer converges to zero almost
everywhere as ¢ — 0. In addition we have the next lemma.

Lemma 6.7 Let p. be the one defined in (ii) Theorem 6.4 .

i = 20

Proof.  We will prove by contradiction. Assume that there exists some sequence
{&;} converging to 0 and some constant C' > 0 such that p.; < C for all j. Choose a
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point wy < M sufficiently small in an open interval (0, 1) such that the intersection
of the tangent line
y = G (w)(w — wy) + G(wy),

and the graph y = G(w) is achieved at the point w = wy and w; > C. Note that

G/(wo) _ G(wl) - G(U)Q) ‘

w1 — Wy

Noticing that y = G(w) is convex up to w = 1 and concave for w > 1, and invoking
of the L*>*-boundedness of the sequence {w., }, we see

G(we,) > G'(wo)(w., —wo) + G(wy).

&, (we)) =/01 <§

>(1-22) /0 (G (wo) (ws, — wo) + C(uw)) da

Therefore,

dw,,

dx

2 2
+ (1 —€3)G(w,) + %wé) dr

>% (G (wy) (M — wg) + Glawg)) > 0

for €; small enough. The constant lower bound of the energy &, (w,;) contradict
to the result of the previous Lemma 6.6:

Co log k(g;)

&, (we;) < — 0.
r(g;)
This implies
lim p. = +o0.
e—+0

O

By the above lemma and the monotonicity of the minimizer we can assert (i)
of Theorem 6.4. In order to prove (ii) of Theorem 6.4 we prepare several lemmas.

Lemma 6.8 For the same pu. in Lemma 6.7

1
(6.8) 5 eper/ (1 —e?)log pe < E(we)
holds.

Proof.  Without loss of generality, we may assume w.(z) is strictly monotone
decreasing. Indeed, the constant solution w = M of (6.1) cannot be the minimizer
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because of Lemma 6.6. Thus, we have . = w.(0). Let £ = & be the point such
that

£ = w.(e).
Put 908($) = wa(x)/ﬂa- We have 906(0) = 17@5(5&) = 1/2 and
1 52 g 52 g
o= &) = [ (T + 1= G + Lot )
0
where
G(pepe) = log(pepe+1)+——————1= bgﬂ“rlog(\/ﬁso - )+ S—
e e fiepe + 1 2 TV pepe 107

Because lim._,q 1. = +00 and the definition ., we have

1 1 Jiz 1 1
log(+/ + + —1>log + + —-1>0,
( /"L&‘(lpf /_ME) IU/E()OE + 1 ( 2 /—ILLE) /J/E + 1

on the interval [0, &.]. Thus,

1
G(Ns@a) Z §1Ogﬂe (O S € S 5&)7

for small €. Utilizing this, we estimate

& 22,2 2
o. > /0 M—i—(l—ez)G(ue%)daE
& c . 2 —62 2
> /0 {Ms(;os)} L1 ' ( /—log%) dx
56
> / e/ (T = ) log el (ge)el dz (put = = g (2))

1/2 1
— /= logp: [ (~1)dz = e /(T ) g
1

This proves the desired result. [

Lemma 6.9 There exists C; > 0 such that p. < Cyk. for small e > 0.

Proof. Combining Lemmas 6.6 and 6.8, we obtain

: Co log k.
(6.9) e Vlog e < E(w.) < ZB = Coere/log(e),

£

where we used (6.4). Furthermore,

3Cok\/log(k.) = 3Cyke/log(3Cok.) — log(3Cy)

< 3Chk/10g(3Cok.),

42



for e small enough. Utilysing the fact that the function z(logx)'/? is monotone
increasing for large x > 0, we conclude that p. < 3Cyk.. O

By virtue of Lemma 6.9 we proved the half part of the assertion in (ii) of
Theorem 6.4. We go to the other part.

Lemma 6.10
log k.
(6.10) e = w.(l) =0 ( oen ) .
K;E
Proof.  We notice
log k.

(1-e)G(ye) < &ilwe) < Co

Re

and

Gle) = 2 / (1= 1)G" (77 )dr = 2 / (1 - )¢ (7).

By virtue of ¢'(0) = 1, fol(l — 7)¢' (77:)d7 is bounded away from zero for small
¢ > 0. Combining these facts yields the desired assertion. [J

As seen in (6.9),

3Cy1 -
epey/log e < 0081
K

£

holds. Moreover, we obtain

Lemma 6.11 There is a positive constant Cy such that

log k. < log 4.
Re He

Cs

holds for small € > 0.

Proof. The function logx/x is strictly monotone decreasing in (e,00). By
te < C1k,. of Lemma 6.9,

log e S log(Cike) 1

. Z O —Cl(logﬁg/na—l—logCl/ms).

Thus for small € > 0 there is C5 > 0 which allows the desired inequality. [
We rewrite the equation (6.1) as
2

2
(6.11) %wg — (1 —2)G(w) + %uﬁ ~ Ow + AL).
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where w = w,, . is the Lagrange multiplier for w. and A, is a constant determined
by the boundary values. Recall p. = w.(0) and 7. = w.(1). We notice that
e, Ve, Ae and A, satisfy

2

(6.12) u-émm9+%@:&%+Ag
2

(6.13) (1= )G + 572 = A + A

Lemma 6.12 There are positive constants Cs, Cy and Cs such that

log . log k.
(6.14) 0,28 <) < B
KJE ,ié

log k.

(6.15) 1AL < Cs Oi“ .

€

hold for small € > 0.

Proof.  First, invoking of (6.11), we have

) - [ 1 (Suz+ -6+ u) do

1
:/jml—gxxwyuﬂﬁ—(&w+Amdx
0
1
5/W@+Qw+&mmz&M+&.
0

for w = w.. Hence

1
AM + A, < Cp—22=,
Ke
On the other hand by (6.12) we have
A > —A..

Combining these inequalities yields

C log k.

- > ANM — Ay = Ae(M —72).

Hence A\. < Cslog k. /K. for a positive number Cj.
Next, we use (6.12) and (6.13) to obtain

(= )(Gpe) = G(e)) + (£2/2) (1 = 72)
) He — Ve .
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Sinece 7., e%u. — 0 as € — 0, we have

G(pe) (1 —e*)(1—G(y.)/G(pe g2
616 oGl 0-S0-GOYGHY) £
He 1- VE/HE 2
o Glue) log(l+pe)  logpe
e e e
Applying Lemma 6.11 to this inequality yields
~1 - 1 . ~
N> 81 5 0,088 o, = Gy,
He Ke
In the consequence we obtain (6.14).
In order to obtain (6.15) we apply (6.14) to
_)\a S AE S Colog HE-
Ke

This concludes the proof. [
By (6.16) we have

Lemma 6.13 There are positive constants Cg and Cy; such that

C7log He o\ < C6log e
e e

holds.
The next lemma completes the proof of Theorem 6.4.

Lemma 6.14 There is a positive constant Cg such that
Re S CSME
Proof. Combining (6.14) and Lemma 6.13 leads us to
logpe _ A _ Csloghe
He - 07 - 07 Re
G (lOg(RE/Cg) N log Cg)

e Fe e
~ C5  log(k./Cs) C5log Cs
- 0708 /‘fa/CS C? Re .
Take Cg > 0 and g5 > 0 so that for each ¢ € (0, e2)
C5 < 1 Cs log Cy < log(k:/Cs)

0708 - 57 07 Re - Iia/CS
hold. Then
log pie _ log(r</Cs)
He o KS/C8
log x

which implies £./Cs < p. since is monotone decreasing for x > e.

T
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7 Proof of (iii) of Theorem 6.4

Since we assume w, is a monotone decreasing function, (6.11) reads

e2

b _\/ 2 <(1 G(w) + %21”2 — (hew + Ag)),

for w = w,, thus

-/ .
VE (=G0 +2¢ - (el + A)
We have
He
(7.1) / o .
\/ (1-e2)G(w) + Sw? — (\w + A.))
(7.2) s wdv Y
e \/E% (1 —e2)G(w) + Sw? — \ew + A.))
Define rescaled functions W : Q. := (0, k.) — R by
1 y
The equation (6.1) and (6.2) become
N o I A 1 Kede
. - B ) = Qsa
(73) We+ log ke (KWe+1)2 + EW log k. on
WEI(O) = Wf;f(K@) = 07
(7.4) W(y)dy = M.
0
By the integration (7.3) is written as
2
7.5 W(y))* = 1—¢%) (log(kWe+ 1)+ ——— — 1
15 V) = (=) (tosts 1+t 1)

2 2

428 L ()\sﬁsWsﬂLAs)}a

in the interval €)..

The boundedness of the sequence {y./x.} implies that {W.} is bounded in
L>®-norm. From (7.5), we also know {W.} is bounded in W, Thus, there exists
a subsequence {e;} such that {IW. } converges to a function Wy in C%*(Q) on
any compact subset ' C (0,00) for 0 < a < 1 and the subsequence {s.;/k.,}

converges to some constant.
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Lemma 7.1 Suppose that w. is a minimizer of E.(w) in A. Then there exists
a subsequence {W,,} and a function W, € CY% such that the subsequence W.,

converges to Wy in Cp® where a € [0,1).

The next two lemmas are crucial to identify the asymptotic profile of the min-
imizer as € — 0.

Lemma 7.2 Suppose W.. — Wy in C’loo’f. For any y € supp(Wy), we have

log(ke,We, (y) +1)

j—oo log ric;
Proof.  For y € supp(Wj), we have

log ( 1+ We,; (y)—Wo(y)
log (e, We, (y) + 1) B log(re, Wo(y) +1) Wo(y)+ -

1
J

= — 0
log £ log ke log ke
and )
log(/@sj WO(Z/) + 1) ’ lOg Ke; + log(WO (y) + KE],) )
j—00 log e, ~ b log ke, -
OJ

Lemma 7.3 Let {¢;} be an infinite sequence which satisfies ¢; — 0 as j — o0
and

Ae. Ke. .
(7.6) lim 29— lim P

. , =a.
J—00 l()g ,‘ﬂjsj J—00 /ﬂ;sj

Then

S

" 2v2av/a
M = lim We, (y)dy = 3 Va

J—00 0

holds.

Lemma 7.4 The limiting function Wy(y) has a compact support in [0, 00).

We prove these two lemmas in the next subsections.
We rewrite (7.5) as

2 , 1 22, 1/2
— 1—e2) (log(k W + 1)+ ———— — 1)+ —ew?2 - W. 4+ A .
{log Ke {< e) < og(keWe +1) + kW, +1 ) + 2 e~ (AekcWe + E)] }
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Using {W.} converges to Wy in W.7(0,00), Lemma 7.4 and the above estimates
together with (ii) of Theorem 6.4 and (6.14), we find that the limiting function W
should satisfies the equation

1/2
(7.7) W=~ (2Xsupp(Wo) —2a W) /

where a = lim;_,o (¢, Ke; )/ log A-;. We solve this equation. By W’(0) = 0, we have
W(0) = 1/a, that is, @ = 1/a. Integrating

/1V: V1—aW __\/_/ W

yields
2 1/2 2 /2 _
(= (= a2) ], =~ (1 - W) = —Vay,
from which a
(1 aW)1/2 53/

Consequently, we obtain

(7.8) Woly) =

In view of Lemma 7.3 we compute

V2/a V2
Woly)dy = —

2
= =M.
0 a* 3

Hence, a® = 2v2 /3M. Since the constant a is independent of the choice of the
subsequence {¢;}, the whole sequence {W.} converges to Wy in Cp:% for 0 < a < 1

loc

and lim. o p./k. = 1/a. This completes the proof of Theorem 6.4.

7.1 Proof of Lemma 7.3

Although the mass constraint (7.4) holds for any € > 0, it is not guaranteed that
M = [;° Wy(z) dz holds. The reason is that the convergence W, (z) to WO( ) is

only locally umform in 0% for 0 < a < 1. We compute the limit [y~ W, (x)dx
below. Apply the change of the independent valuable x by z = w.(x), we have

M /1 = [ S Z g
= | w.(z)dx = — 2,
0 Ye \/5\/ CPE(Z)
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where

2

D.(2) = (1 —-e*)G(2) + %22 —Az— A, e =w(1)

(recall p. = w.(0)). We note

P.(7) = (pe) = 0.

Moreover, G(x) is a monotone increasing and

G"(z)=¢(2) >0 (0<z<1), G"(z) <0 (1< 2z).

Hence,

G(z) — G(%) G(pe) — G(2)

- (5] 1 7 - ]'7 €

p— (2 € (7,1]) i (z €L, 1))
are monotone increasing and decreasing respectively.
We define
1

(7.9) Be = kL0, 0, =

Vvlog k.

We remark that as seen in the proof below it suffices to take 6, such that

lim 6, = 0, lim k% = oo.
e—0 e—0

Lemma 7.5 For f3. defined in (7.9),

lim dz=0

/'BE i z
=0 Ye \/§ q)5<z>
holds.

Proof.  We first show

(7.10) lim /1 S -
) =0 L. V2 /D.(2) ’

By ®.(7.) = 0, we write

B.5) = (L-)(G() - Gl + S =90 = hle =)
= (2 —)he(2),
nie) = (=TI S



where h.(z) can be continuously extended up to z = 7. as h.(7.) = (1 —¢2)g(7.) +
e?7. — .. Since h.(2) is monotone increasing in [7., 1], we have

1 ¢ z € 1 L z
/% A0S o) / N

Invoking of 7. = O(y/log k./k.), we can conclude (7.10).
We next deal with the integral over the range [1, 5], i.e
B -

1. = 1 E\/(I)—g—(z)dz

By the change of the valuable z = k.( in the integral we obtain

Be/ ke EHQC 1/x8e 1 C
—= dg,
1/ke \/_ \/ ’fs 1/ke \/§ \/(I)s(’fso/ log £

where we used ex? = /log k.. Recall ®_(u.) =0 and put o, := p./k.. Then

(I)s(’iag) = (Oé‘6 — C)Qa({),
0o(0) = —(1 — 2)Gllie0e) ZGlreQ) _ 're

(C‘FO&E)—{—)\ Ke

a: — ¢
For ¢ € [1/ke, Be/ke) = [1/ke, 1/K%],
1) a0z -0- T O S )
Recall
s = (LZE(G) ~GOe) + 51~ 592 _ (Gli) =G | i,

He — Ve e — Ve
Since A.k. = O(log k.), it conflict with G(k.a) = G(u.) = O(log p.). We should
carefully handle the leading terms of the right hand side of (7.11) as
P G(ﬂs) — G(76) o G(ﬁaas) — G(l) — K {G(,u€> — G(W&) o G(Ns) — G(l)}
) ) He — Ve fe — 1
l{f;‘

He — Te . — 1/k;
= (Ma — ’Ys)(/is — 1) {_G(Ns)(l - 76) + (G(l) - G('Ye)),us + G(’Vs) - G(U’Y@} .

This term is bounded away from zero as ¢ — 0 because of k. /. = O(1), G(pe)/pe =
O(log k. /k.). Applying this equality to the right hand side of (7.11), we assert that
there is ¢; > 0 such that

¢=(¢)/log ke > 1

20



holds for every small £ > 0.
In the sequence we compute

1/k%e
/1/55 Oéf— Cdc
= 2 (o = 12 0, = 1)} = 20,/ = 1T — o = 1)
20 (1/k% — 1/k.) < a. /Kb '
T Vae — /6% + \Ja. — 1k T \Jao — 1)k
Thus,

1 a 1/k%e
v Og’ﬂ =4 =0 (/log e /K).

1/ke
Putting /. := y/log k. and 6. = (!, we have

Viegrk. L L,

Kl (eR)t' el

This implies that I. - 0ase — 0. [

Lemma 7.6 Assume (7.6). Then

z 2\/5 ava
o var—— 3 Ja

Proof. With the same change of variable employed in the previous proof, we have

R el . —
/e \/§ (DE(Z) : /1/’425 \/§ CY—C q&(C)/lOgK’E C

where

G(’{aaa) - G(’fag) 52 g
Qe — C -

For simplicity of notation we simply take e — instead of e; — 0. For ¢ € [1/k%, a.],

QS(C) - _(1 _52> (C‘i_ae)"f‘)\ Re-

G(’%@e) - G("%C) < G(Haaa) - G(Hlias).

!
p— <
0 < reg(pe) = kG (Koa;) < a. —C - a. — 1/k%%

We write

k. + 1 k7% — koa.

%80 11 (e )l + 1)

o1



By the next estimate

1 ek, + 1 1 okl +1/kL70%=
O =
log k. & k170 +1  logke 1+ 1/kL-9
< log(ack?s +1) = 6. + log(a: + 1/k%),

log k. log k.

with 6. — 0 as € — 0, we obtain

lim G(k0.) — G(k 1_98>

=0.
€_>0 log /is(as - 1/"€05>

From this limit and (7.6)

1
(7.12) }31_1)1(1) og .

QE(C) =a

follows.
Introducing the new variable ¢ = 1/k% + (a. — 1/k%)sin® ¢ (0 < ¢ < 7/2) in
the integral J., we write
/ (1/K% + (a — 1/K%) sin? ¢) - 2(c. — 1/k%) sin ¢ cos ¢ de
s \/_ V(a —1//{95 —sin? ¢)\/q.(1/K% + (o — 1/k%) sin® @)/ log k.
0c _ 0c 2
\/_—1/595/ \/1//4} +(Oé€ 1//46 )SlIl ¢)Sln¢ de

Go(L/R%: + (z — 1/wle) sin® 9)/ log k.

With the aid of (7.6) and (7.12)

. asm3¢ d(b \/_a\/_2 2\/507\/5
€1_11rn Je; \/_/ Ja 3= 3 Ja

This concludes the proof. [

In conclusion we obtain

M = 1i WE dy = == .
]LI&O () 3 \/a

This conclude the proof of Lemma 7.3.

7.2 Proof of Lemma 7.4

For the solution w.(x) we have the expression as

He g dz
v V2/0.(2)

52

(7.13) T =




Namely the inverse function of (7.13) gives the solution. Taking the change of
variables z = k.(, y = k.x and w = k. W, we obtain

xr = //-€ = pele i—gﬁfdc
v/t w \/§ \V ¢E(/€€C)’
hence,
pe /e i d¢
W \/é \/q)E(K‘EC)/ 1Og Re

follows and the solution W,(y) is provided by the inverse function of this expression.
By choosing f. of (7.9), we show

y:

&
Be/ ke \/5\/(1)€</€5C)/10g"€5

is uniformly bounded in ¢. In view of

(7.14) Ye -

. . . He ~
lim B, /k. = lim 1/k% =0, lim — = @,
e—0 e—0 j—}OO /ﬁ:gj

we have a = 1/« and

1 1/a dC \/5

lim g, = 5 A

imo” 7 2 Jo \/1—a{’: a

Namely, W, (y.,) — 0 as j — oo. Consequently, we can assert that the limiting

J

function Wy (y) has a bounded support.
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